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# Randomly generated matrix


A = array([[ 1.16043581,  0.0566787 ],

           [ 0.56722123,  0.85777919]])


λ, V  = scipy.linalg.eig(A) 
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• For non-singular matrices A:

- there are n eigenvalue/eigenvector pairs

- the eigenvectors vi form a basis for  

• .. which are not generally orthogonal (guaranteed only if A is symmetric). 

• Therefore, a matrix with those vi as its columns
 

has rank n (i.e., full rank) and so is non-singular

v 2 Rn, v 6= 0
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Eigendecomposition: what is it good for?
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• Taking integer & fractional powers of matrices.

• Solving linear ordinary differential equations (ODEs).


- Physics models the world using differential equations.

• Estimating covariance matrices.


- Normal distribution: the central statistical distribution. 
Eigendecomposition "fits" normal distribution to data points.

• Dimensionality reduction.


- Important processing step to remove irrelevant data.

Will see examples of all of these. 


(Some in the context of SVD)
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• As the name indicates, this is a polynomial.

• Degree n for a n×n matrix

• Galois theory: most polynomials of degree 5 or higher 
cannot be solved using algebraic methods. 

• Oops. Évariste Galois (1811-1832)
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det (lI � A) = 0.

Eigendecomposition is a nonlinear operation 

(our very first one!) 

 
-  Approximate result


-  No guarantees on computation time
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• Let's compute 

• General rule:

• That includes the inverse as well:
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A simple method to compute the dominant eigenvector
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Power iteration:
x = np.random.random(size)


for i in range(num_iterations):

    x = A @ x

    x /= np.linalg.norm(x)

Power iteration

1

2
3

...

Inverse iteration:
x = np.random.random(size)

A_lup = la.lu_factor(A)


for i in range(num_iterations):

    x = la.lu_solve(A_lup, x)

    x /= np.linalg.norm(x)
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Inverse iteration
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• Intuition: Run n instances of the power iteration at the same time.


- QR factorization renormalizes vectors and keeps the eigenvector estimates from 
all collapsing onto the same solution.


• In practice: many subtleties, use libraries and don't build your own version.

def eig(A, n_it=10):
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        A = R @ Q
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Problem has the form

x(t) is the light traveling in

different directions. 

t is the depth within the layer.
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[Langlois, An, Jin, and James, SIGGRAPH 2014]
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1. an eigenvalue/eigenvector “pair” is actually a triple

where
“left eigenvector” “right eigenvector”

2. complex arithmetic generally required.

3. methods can be very unstable if eigenvalues not

    well-separated.
4. Doesn’t make sense for non-square A!
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• Can be computed for any matrix (non-square, non-symmetric, singular, ..)

• Involves only orthogonal and diagonal matrices.

• Impeccable numerical properties.

• No complex arithmetic necessary.

• Expensive to compute (~5-10 times the cost of LU)

• SVD and Eigendecomposition are identical * when A is symmetric.

* Except for tiny differences: ordering of entries, etc.
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"Right singular vectors"

Orthogonal.

"Singular values"

Positive, sorted in 
decreasing order

<latexit sha1_base64="6uQsZYCnYoN/xRKlUbkAxV9Wqoc="></latexit>
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"Left singular vectors"

Orthogonal.
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v1v2

Eigendecomposition

v1

v2

u1

u2

Singular value decomposition
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X ⇠ N (µ, s2)



RGL Realistic Graphics Lab

MATH-232 Review: The Normal Distribution
Univariate (1D) case. Also known as "Gaussian distribution"

31

<latexit sha1_base64="Kxs9g/106FmL/G++dcACbY8aDBc=">AAACLHicbVDLSsNAFJ3UV62vqktBgkWoICUpRV0W3LgqFewDmlpuppN26EwSZiZCDdn5NS7c6Ke4EXHrL7h10nZhWw8MHM65d+69xw0ZlcqyPozMyura+kZ2M7e1vbO7l98/aMogEpg0cMAC0XZBEkZ90lBUMdIOBQHuMtJyR9ep33ogQtLAv1PjkHQ5DHzqUQxKS738cduRlDsc1BADi2tJ0eHRudYGHO7LZ718wSpZE5jLxJ6RApqh3sv/OP0AR5z4CjOQsmNboerGIBTFjCQ5J5IkBDyCAelo6gMnshtP7kjMU630TS8Q+vnKnKh/O2LgUo65qyvTheWil4r/eZ1IeVfdmPphpIiPp4O8iJkqMNNQzD4VBCs21gSwoHpXEw9BAFY6urkp6d8hPAZzl8QuT3RS9mIuy6RZLtkXpcptpVCtzTLLoiN0gorIRpeoim5QHTUQRk/oGb2iN+PFeDc+ja9pacaY9RyiORjfv92dqRI=</latexit>

X ⇠ N (µ, s2)
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<latexit sha1_base64="Kxs9g/106FmL/G++dcACbY8aDBc=">AAACLHicbVDLSsNAFJ3UV62vqktBgkWoICUpRV0W3LgqFewDmlpuppN26EwSZiZCDdn5NS7c6Ke4EXHrL7h10nZhWw8MHM65d+69xw0ZlcqyPozMyura+kZ2M7e1vbO7l98/aMogEpg0cMAC0XZBEkZ90lBUMdIOBQHuMtJyR9ep33ogQtLAv1PjkHQ5DHzqUQxKS738cduRlDsc1BADi2tJ0eHRudYGHO7LZ718wSpZE5jLxJ6RApqh3sv/OP0AR5z4CjOQsmNboerGIBTFjCQ5J5IkBDyCAelo6gMnshtP7kjMU630TS8Q+vnKnKh/O2LgUo65qyvTheWil4r/eZ1IeVfdmPphpIiPp4O8iJkqMNNQzD4VBCs21gSwoHpXEw9BAFY6urkp6d8hPAZzl8QuT3RS9mIuy6RZLtkXpcptpVCtzTLLoiN0gorIRpeoim5QHTUQRk/oGb2iN+PFeDc+ja9pacaY9RyiORjfv92dqRI=</latexit>

X ⇠ N (µ, s2)

<latexit sha1_base64="hx57QMo8bvd0gcwbcKD4hYEOMFo="></latexit>

fX(x) =
1

s
p

2p
exp

✓
� 1

2s2 (x � µ)2
◆Density function:
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<latexit sha1_base64="Kxs9g/106FmL/G++dcACbY8aDBc=">AAACLHicbVDLSsNAFJ3UV62vqktBgkWoICUpRV0W3LgqFewDmlpuppN26EwSZiZCDdn5NS7c6Ke4EXHrL7h10nZhWw8MHM65d+69xw0ZlcqyPozMyura+kZ2M7e1vbO7l98/aMogEpg0cMAC0XZBEkZ90lBUMdIOBQHuMtJyR9ep33ogQtLAv1PjkHQ5DHzqUQxKS738cduRlDsc1BADi2tJ0eHRudYGHO7LZ718wSpZE5jLxJ6RApqh3sv/OP0AR5z4CjOQsmNboerGIBTFjCQ5J5IkBDyCAelo6gMnshtP7kjMU630TS8Q+vnKnKh/O2LgUo65qyvTheWil4r/eZ1IeVfdmPphpIiPp4O8iJkqMNNQzD4VBCs21gSwoHpXEw9BAFY6urkp6d8hPAZzl8QuT3RS9mIuy6RZLtkXpcptpVCtzTLLoiN0gorIRpeoim5QHTUQRk/oGb2iN+PFeDc+ja9pacaY9RyiORjfv92dqRI=</latexit>

X ⇠ N (µ, s2)

<latexit sha1_base64="hx57QMo8bvd0gcwbcKD4hYEOMFo="></latexit>

fX(x) =
1

s
p

2p
exp

✓
� 1

2s2 (x � µ)2
◆Density function:

normalization constant exponent
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<latexit sha1_base64="Kxs9g/106FmL/G++dcACbY8aDBc=">AAACLHicbVDLSsNAFJ3UV62vqktBgkWoICUpRV0W3LgqFewDmlpuppN26EwSZiZCDdn5NS7c6Ke4EXHrL7h10nZhWw8MHM65d+69xw0ZlcqyPozMyura+kZ2M7e1vbO7l98/aMogEpg0cMAC0XZBEkZ90lBUMdIOBQHuMtJyR9ep33ogQtLAv1PjkHQ5DHzqUQxKS738cduRlDsc1BADi2tJ0eHRudYGHO7LZ718wSpZE5jLxJ6RApqh3sv/OP0AR5z4CjOQsmNboerGIBTFjCQ5J5IkBDyCAelo6gMnshtP7kjMU630TS8Q+vnKnKh/O2LgUo65qyvTheWil4r/eZ1IeVfdmPphpIiPp4O8iJkqMNNQzD4VBCs21gSwoHpXEw9BAFY6urkp6d8hPAZzl8QuT3RS9mIuy6RZLtkXpcptpVCtzTLLoiN0gorIRpeoim5QHTUQRk/oGb2iN+PFeDc+ja9pacaY9RyiORjfv92dqRI=</latexit>

X ⇠ N (µ, s2)

<latexit sha1_base64="hx57QMo8bvd0gcwbcKD4hYEOMFo="></latexit>

fX(x) =
1

s
p

2p
exp

✓
� 1

2s2 (x � µ)2
◆Density function:

normalization constant exponent
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<latexit sha1_base64="Kxs9g/106FmL/G++dcACbY8aDBc=">AAACLHicbVDLSsNAFJ3UV62vqktBgkWoICUpRV0W3LgqFewDmlpuppN26EwSZiZCDdn5NS7c6Ke4EXHrL7h10nZhWw8MHM65d+69xw0ZlcqyPozMyura+kZ2M7e1vbO7l98/aMogEpg0cMAC0XZBEkZ90lBUMdIOBQHuMtJyR9ep33ogQtLAv1PjkHQ5DHzqUQxKS738cduRlDsc1BADi2tJ0eHRudYGHO7LZ718wSpZE5jLxJ6RApqh3sv/OP0AR5z4CjOQsmNboerGIBTFjCQ5J5IkBDyCAelo6gMnshtP7kjMU630TS8Q+vnKnKh/O2LgUo65qyvTheWil4r/eZ1IeVfdmPphpIiPp4O8iJkqMNNQzD4VBCs21gSwoHpXEw9BAFY6urkp6d8hPAZzl8QuT3RS9mIuy6RZLtkXpcptpVCtzTLLoiN0gorIRpeoim5QHTUQRk/oGb2iN+PFeDc+ja9pacaY9RyiORjfv92dqRI=</latexit>

X ⇠ N (µ, s2)

<latexit sha1_base64="hx57QMo8bvd0gcwbcKD4hYEOMFo="></latexit>

fX(x) =
1

s
p

2p
exp

✓
� 1

2s2 (x � µ)2
◆Density function:

normalization constant exponent
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<latexit sha1_base64="Kxs9g/106FmL/G++dcACbY8aDBc=">AAACLHicbVDLSsNAFJ3UV62vqktBgkWoICUpRV0W3LgqFewDmlpuppN26EwSZiZCDdn5NS7c6Ke4EXHrL7h10nZhWw8MHM65d+69xw0ZlcqyPozMyura+kZ2M7e1vbO7l98/aMogEpg0cMAC0XZBEkZ90lBUMdIOBQHuMtJyR9ep33ogQtLAv1PjkHQ5DHzqUQxKS738cduRlDsc1BADi2tJ0eHRudYGHO7LZ718wSpZE5jLxJ6RApqh3sv/OP0AR5z4CjOQsmNboerGIBTFjCQ5J5IkBDyCAelo6gMnshtP7kjMU630TS8Q+vnKnKh/O2LgUo65qyvTheWil4r/eZ1IeVfdmPphpIiPp4O8iJkqMNNQzD4VBCs21gSwoHpXEw9BAFY6urkp6d8hPAZzl8QuT3RS9mIuy6RZLtkXpcptpVCtzTLLoiN0gorIRpeoim5QHTUQRk/oGb2iN+PFeDc+ja9pacaY9RyiORjfv92dqRI=</latexit>

X ⇠ N (µ, s2)

<latexit sha1_base64="hx57QMo8bvd0gcwbcKD4hYEOMFo="></latexit>

fX(x) =
1

s
p

2p
exp

✓
� 1

2s2 (x � µ)2
◆Density function:

normalization constant exponent
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<latexit sha1_base64="Kxs9g/106FmL/G++dcACbY8aDBc=">AAACLHicbVDLSsNAFJ3UV62vqktBgkWoICUpRV0W3LgqFewDmlpuppN26EwSZiZCDdn5NS7c6Ke4EXHrL7h10nZhWw8MHM65d+69xw0ZlcqyPozMyura+kZ2M7e1vbO7l98/aMogEpg0cMAC0XZBEkZ90lBUMdIOBQHuMtJyR9ep33ogQtLAv1PjkHQ5DHzqUQxKS738cduRlDsc1BADi2tJ0eHRudYGHO7LZ718wSpZE5jLxJ6RApqh3sv/OP0AR5z4CjOQsmNboerGIBTFjCQ5J5IkBDyCAelo6gMnshtP7kjMU630TS8Q+vnKnKh/O2LgUo65qyvTheWil4r/eZ1IeVfdmPphpIiPp4O8iJkqMNNQzD4VBCs21gSwoHpXEw9BAFY6urkp6d8hPAZzl8QuT3RS9mIuy6RZLtkXpcptpVCtzTLLoiN0gorIRpeoim5QHTUQRk/oGb2iN+PFeDc+ja9pacaY9RyiORjfv92dqRI=</latexit>

X ⇠ N (µ, s2)

<latexit sha1_base64="hx57QMo8bvd0gcwbcKD4hYEOMFo="></latexit>

fX(x) =
1

s
p

2p
exp

✓
� 1

2s2 (x � µ)2
◆Density function:

normalization constant exponent

Variance (square of std. deviation)

Standard deviation
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<latexit sha1_base64="Kxs9g/106FmL/G++dcACbY8aDBc=">AAACLHicbVDLSsNAFJ3UV62vqktBgkWoICUpRV0W3LgqFewDmlpuppN26EwSZiZCDdn5NS7c6Ke4EXHrL7h10nZhWw8MHM65d+69xw0ZlcqyPozMyura+kZ2M7e1vbO7l98/aMogEpg0cMAC0XZBEkZ90lBUMdIOBQHuMtJyR9ep33ogQtLAv1PjkHQ5DHzqUQxKS738cduRlDsc1BADi2tJ0eHRudYGHO7LZ718wSpZE5jLxJ6RApqh3sv/OP0AR5z4CjOQsmNboerGIBTFjCQ5J5IkBDyCAelo6gMnshtP7kjMU630TS8Q+vnKnKh/O2LgUo65qyvTheWil4r/eZ1IeVfdmPphpIiPp4O8iJkqMNNQzD4VBCs21gSwoHpXEw9BAFY6urkp6d8hPAZzl8QuT3RS9mIuy6RZLtkXpcptpVCtzTLLoiN0gorIRpeoim5QHTUQRk/oGb2iN+PFeDc+ja9pacaY9RyiORjfv92dqRI=</latexit>

X ⇠ N (µ, s2)

<latexit sha1_base64="hx57QMo8bvd0gcwbcKD4hYEOMFo="></latexit>

fX(x) =
1

s
p

2p
exp

✓
� 1

2s2 (x � µ)2
◆Density function:

normalization constant exponent

<latexit sha1_base64="YsgQ82uIEbIBQ7ZDwkGL9nBYUNg=">AAACFnicbVDLTgIxFO3gC/GFunTTSExwIZkhRF2SuHFlMJFHhJF0SgcaOu2k7Rhwwl+4cKOf4s64deuXuLUDsxDwJE1Ozrm3997jhYwqbdvfVmZldW19I7uZ29re2d3L7x80lIgkJnUsmJAtDynCKCd1TTUjrVASFHiMNL3hVeI3H4lUVPA7PQ6JG6A+pz7FSBvpvkNGYfFs9FA+7eYLdsmeAi4TJyUFkKLWzf90egJHAeEaM6RU27FD7cZIaooZmeQ6kSIhwkPUJ21DOQqIcuPpxhN4YpQe9IU0j2s4Vf92xChQahx4pjJAeqAWvUT8z2tH2r90Y8rDSBOOZ4P8iEEtYHI+7FFJsGZjQxCW1OwK8QBJhLUJaW5K8neInsTcJbEXTExSzmIuy6RRLjnnpcptpVC9STPLgiNwDIrAARegCq5BDdQBBhw8g1fwZr1Y79aH9TkrzVhpzyGYg/X1C5IdoBc=</latexit>

exp(�x2)

<latexit sha1_base64="b9ieGg/2RR708tKaJxHVWCs9PxA=">AAACHXicbVBJS8NAGJ241ro06tFLsAiCUJJS1GPBiyepYBdoY5lMJ+3QWcLMRKwhv8SDF/0p3sSr+Eu8OmlzsK0PBh7vfdu8IKJEadf9tlZW19Y3Ngtbxe2d3b2SvX/QUiKWCDeRoEJ2AqgwJRw3NdEUdyKJIQsobgfjq8xvP2CpiOB3ehJhn8EhJyFBUBupb5d6oYQo8dLEO3u8r6Z9u+xW3CmcZeLlpAxyNPr2T28gUMww14hCpbqeG2k/gVITRHFa7MUKRxCN4RB3DeWQYeUn08NT58QoAycU0jyunan6tyOBTKkJC0wlg3qkFr1M/M/rxjq89BPCo1hjjmaLwpg6WjhZCs6ASIw0nRgCkSTmVgeNoElCm6zmtmSzI/gk5n6SBCxLylvMZZm0qhXvvFK7rZXrN3lmBXAEjsEp8MAFqINr0ABNgEAMnsEreLNerHfrw/qcla5Yec8hmIP19QuzSaLI</latexit>

1
1 + x2

<latexit sha1_base64="ZwkcUHQjAVX+0H9AvePi3zifbpM=">AAACHXicbVC7TsMwFHV4lvJogJElokJioUqqChgrsTChItGH1IbKcZ3Wqh+R7SBKlC9hYIFPYUOsiC9hxWkz0JYj2To6517f6xNElCjtut/Wyura+sZmYau4vbO7V7L3D1pKxBLhJhJUyE4AFaaE46YmmuJOJDFkAcXtYHyV+e0HLBUR/E5PIuwzOOQkJAhqI/XtUk9Dfp+ceemjuatp3y67FXcKZ5l4OSmDHI2+/dMbCBQzzDWiUKmu50baT6DUBFGcFnuxwhFEYzjEXUM5ZFj5yXTx1DkxysAJhTSHa2eq/u1IIFNqwgJTyaAeqUUvE//zurEOL/2E8CjWmKPZoDCmjhZOloIzIBIjTSeGQCSJ2dVBIygh0iaruSnZ2xF8EnM/SQKWJeUt5rJMWtWKd16p3dbK9Zs8swI4AsfgFHjgAtTBNWiAJkAgBs/gFbxZL9a79WF9zkpXrLznEMzB+voFuDmiyw==</latexit>

tan�1 x�2

<latexit sha1_base64="j8v8CxTxYM+Np8KQDhour/WJuXw=">AAACIHicbVDNT8IwHO3wC/Fr4tFLIzHBC9kMUY8kXjwZTARMYCFd6aChXZe2M+Cyf8WDF/1TvBmP+o94tYMdBHxJk5f3fl99fsSo0o7zZRXW1jc2t4rbpZ3dvf0D+7DcViKWmLSwYEI++EgRRkPS0lQz8hBJgrjPSMcfX2d+55FIRUV4r6cR8TgahjSgGGkj9e1yL5AIJ26a9LBQo+rkLO3bFafmzABXiZuTCsjR7Ns/vYHAMSehxgwp1XWdSHsJkppiRtJSL1YkQniMhqRraIg4UV4yuz2Fp0YZwEBI80INZ+rfjgRxpabcN5Uc6ZFa9jLxP68b6+DKS2gYxZqEeL4oiBnUAmZBwAGVBGs2NQRhSc2tEI+QCUObuBa2ZLMj9CQWfpL4PEvKXc5llbTPa+5FrX5XrzRu88yK4BicgCpwwSVogBvQBC2AwQQ8g1fwZr1Y79aH9TkvLVh5zxFYgPX9C5dipFQ=</latexit>

1
cosh(x)
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<latexit sha1_base64="Kxs9g/106FmL/G++dcACbY8aDBc=">AAACLHicbVDLSsNAFJ3UV62vqktBgkWoICUpRV0W3LgqFewDmlpuppN26EwSZiZCDdn5NS7c6Ke4EXHrL7h10nZhWw8MHM65d+69xw0ZlcqyPozMyura+kZ2M7e1vbO7l98/aMogEpg0cMAC0XZBEkZ90lBUMdIOBQHuMtJyR9ep33ogQtLAv1PjkHQ5DHzqUQxKS738cduRlDsc1BADi2tJ0eHRudYGHO7LZ718wSpZE5jLxJ6RApqh3sv/OP0AR5z4CjOQsmNboerGIBTFjCQ5J5IkBDyCAelo6gMnshtP7kjMU630TS8Q+vnKnKh/O2LgUo65qyvTheWil4r/eZ1IeVfdmPphpIiPp4O8iJkqMNNQzD4VBCs21gSwoHpXEw9BAFY6urkp6d8hPAZzl8QuT3RS9mIuy6RZLtkXpcptpVCtzTLLoiN0gorIRpeoim5QHTUQRk/oGb2iN+PFeDc+ja9pacaY9RyiORjfv92dqRI=</latexit>

X ⇠ N (µ, s2)

<latexit sha1_base64="hx57QMo8bvd0gcwbcKD4hYEOMFo="></latexit>

fX(x) =
1

s
p

2p
exp

✓
� 1

2s2 (x � µ)2
◆Density function:

normalization constant exponent

Normal distribution

<latexit sha1_base64="YsgQ82uIEbIBQ7ZDwkGL9nBYUNg=">AAACFnicbVDLTgIxFO3gC/GFunTTSExwIZkhRF2SuHFlMJFHhJF0SgcaOu2k7Rhwwl+4cKOf4s64deuXuLUDsxDwJE1Ozrm3997jhYwqbdvfVmZldW19I7uZ29re2d3L7x80lIgkJnUsmJAtDynCKCd1TTUjrVASFHiMNL3hVeI3H4lUVPA7PQ6JG6A+pz7FSBvpvkNGYfFs9FA+7eYLdsmeAi4TJyUFkKLWzf90egJHAeEaM6RU27FD7cZIaooZmeQ6kSIhwkPUJ21DOQqIcuPpxhN4YpQe9IU0j2s4Vf92xChQahx4pjJAeqAWvUT8z2tH2r90Y8rDSBOOZ4P8iEEtYHI+7FFJsGZjQxCW1OwK8QBJhLUJaW5K8neInsTcJbEXTExSzmIuy6RRLjnnpcptpVC9STPLgiNwDIrAARegCq5BDdQBBhw8g1fwZr1Y79aH9TkrzVhpzyGYg/X1C5IdoBc=</latexit>

exp(�x2)

<latexit sha1_base64="b9ieGg/2RR708tKaJxHVWCs9PxA=">AAACHXicbVBJS8NAGJ241ro06tFLsAiCUJJS1GPBiyepYBdoY5lMJ+3QWcLMRKwhv8SDF/0p3sSr+Eu8OmlzsK0PBh7vfdu8IKJEadf9tlZW19Y3Ngtbxe2d3b2SvX/QUiKWCDeRoEJ2AqgwJRw3NdEUdyKJIQsobgfjq8xvP2CpiOB3ehJhn8EhJyFBUBupb5d6oYQo8dLEO3u8r6Z9u+xW3CmcZeLlpAxyNPr2T28gUMww14hCpbqeG2k/gVITRHFa7MUKRxCN4RB3DeWQYeUn08NT58QoAycU0jyunan6tyOBTKkJC0wlg3qkFr1M/M/rxjq89BPCo1hjjmaLwpg6WjhZCs6ASIw0nRgCkSTmVgeNoElCm6zmtmSzI/gk5n6SBCxLylvMZZm0qhXvvFK7rZXrN3lmBXAEjsEp8MAFqINr0ABNgEAMnsEreLNerHfrw/qcla5Yec8hmIP19QuzSaLI</latexit>

1
1 + x2

<latexit sha1_base64="ZwkcUHQjAVX+0H9AvePi3zifbpM=">AAACHXicbVC7TsMwFHV4lvJogJElokJioUqqChgrsTChItGH1IbKcZ3Wqh+R7SBKlC9hYIFPYUOsiC9hxWkz0JYj2To6517f6xNElCjtut/Wyura+sZmYau4vbO7V7L3D1pKxBLhJhJUyE4AFaaE46YmmuJOJDFkAcXtYHyV+e0HLBUR/E5PIuwzOOQkJAhqI/XtUk9Dfp+ceemjuatp3y67FXcKZ5l4OSmDHI2+/dMbCBQzzDWiUKmu50baT6DUBFGcFnuxwhFEYzjEXUM5ZFj5yXTx1DkxysAJhTSHa2eq/u1IIFNqwgJTyaAeqUUvE//zurEOL/2E8CjWmKPZoDCmjhZOloIzIBIjTSeGQCSJ2dVBIygh0iaruSnZ2xF8EnM/SQKWJeUt5rJMWtWKd16p3dbK9Zs8swI4AsfgFHjgAtTBNWiAJkAgBs/gFbxZL9a79WF9zkpXrLznEMzB+voFuDmiyw==</latexit>

tan�1 x�2

<latexit sha1_base64="j8v8CxTxYM+Np8KQDhour/WJuXw=">AAACIHicbVDNT8IwHO3wC/Fr4tFLIzHBC9kMUY8kXjwZTARMYCFd6aChXZe2M+Cyf8WDF/1TvBmP+o94tYMdBHxJk5f3fl99fsSo0o7zZRXW1jc2t4rbpZ3dvf0D+7DcViKWmLSwYEI++EgRRkPS0lQz8hBJgrjPSMcfX2d+55FIRUV4r6cR8TgahjSgGGkj9e1yL5AIJ26a9LBQo+rkLO3bFafmzABXiZuTCsjR7Ns/vYHAMSehxgwp1XWdSHsJkppiRtJSL1YkQniMhqRraIg4UV4yuz2Fp0YZwEBI80INZ+rfjgRxpabcN5Uc6ZFa9jLxP68b6+DKS2gYxZqEeL4oiBnUAmZBwAGVBGs2NQRhSc2tEI+QCUObuBa2ZLMj9CQWfpL4PEvKXc5llbTPa+5FrX5XrzRu88yK4BicgCpwwSVogBvQBC2AwQQ8g1fwZr1Y79aH9TkvLVh5zxFYgPX9C5dipFQ=</latexit>

1
cosh(x)
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<latexit sha1_base64="7ErDjTYfBpNBFFwlz292/InHbDI=">AAACFnicbVDLSgMxFM3UV62vqks3wSK4KjMi6kYoiOBKKtgHToeSSTNtaB5DkhHq0L9w4UY/xZ24deuXuDXTzsK2Hggczrk3994Txoxq47rfTmFpeWV1rbhe2tjc2t4p7+41tUwUJg0smVTtEGnCqCANQw0j7VgRxENGWuHwKvNbj0RpKsW9GcUk4KgvaEQxMlZ6uPbbXRpcdnjSLVfcqjsBXCReTiogR71b/un0JE44EQYzpLXvubEJUqQMxYyMS51EkxjhIeoT31KBONFBOtl4DI+s0oORVPYJAyfq344Uca1HPLSVHJmBnvcy8T/PT0x0EaRUxIkhAk8HRQmDRsLsfNijimDDRpYgrKjdFeIBUggbG9LMlOzvGD3JmUvSkI9tUt58LoukeVL1zqqnd6eV2m2eWREcgENwDDxwDmrgBtRBA2AgwDN4BW/Oi/PufDif09KCk/fsgxk4X78/o6CA</latexit>

E[Xi] = µ
<latexit sha1_base64="8yrcL4iDqzhUsu7QdQTcyPJZmHc=">AAACKHicbVDLSgMxFM34rPU16k43wSK4KjOlqBuh4MaVVLAPaMdyJ03b0GRmSDJCHQp+jQs3+inupFt/wq2Zdha29UDgcM69ufceP+JMaceZWCura+sbm7mt/PbO7t6+fXBYV2EsCa2RkIey6YOinAW0ppnmtBlJCsLntOEPb1K/8USlYmHwoEcR9QT0A9ZjBLSROvZxW4AeSJHUQY5bzQ7zrtuK9QU8ljp2wSk6U+Bl4makgDJUO/ZPuxuSWNBAEw5KtVwn0l4CUjPC6TjfjhWNgAyhT1uGBiCo8pLpDWN8ZpQu7oXSvEDjqfq3IwGh1Ej4pjLdWC16qfif14p178pLWBDFmgZkNqgXc6xDnAaCu0xSovnIECCSmV0xGYAEok1sc1PSvyN4DucuSXwxNkm5i7ksk3qp6F4Uy/flQuUuyyyHTtApOkcuukQVdIuqqIYIekGv6B19WG/Wp/VlTWalK1bWc4TmYH3/Ak6Rp9E=</latexit>

Var[Xi] = s2<latexit sha1_base64="qmRgJ+CiyMU0xWK0qgsPkRbRy2E=">AAACHnicbVDNS8MwHE3n15xfVY9egkPwMEY7hnocePEkE9xW2EpJ03QLS5uSpINZ9p948KJ/ijfxqn+JV9OtB7f5IPB47/eV5yeMSmVZ30ZpY3Nre6e8W9nbPzg8Mo9PupKnApMO5owLx0eSMBqTjqKKEScRBEU+Iz1/fJv7vQkRkvL4UU0T4kZoGNOQYqS05Jmm49k16HiNGhywgCvpmVWrbs0B14ldkCoo0PbMn0HAcRqRWGGGpOzbVqLcDAlFMSOzyiCVJEF4jIakr2mMIiLdbH75DF5oJYAhF/rFCs7Vvx0ZiqScRr6ujJAayVUvF//z+qkKb9yMxkmqSIwXi8KUQcVhHgMMqCBYsakmCAuqb4V4hATCSoe1tCWfnaAnvvSTzI9mOil7NZd10m3U7at686FZbd0XmZXBGTgHl8AG16AF7kAbdAAGE/AMXsGb8WK8Gx/G56K0ZBQ9p2AJxtcv3vKiQA==</latexit>

X1, X2, . . . iid. random variables with and
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<latexit sha1_base64="XPluugCNTA4Z8PxjZdSTO9pxk6M=">AAACMXicbVDLSgMxFM3UV62vqks3wSIIhTIjRd0IBTeupIJ9QKeUTJppw2SSIckIdZgP8GtcuNFP6U7c+gFuzbSzsK0XAodzzr0393gRo0rb9tQqrK1vbG4Vt0s7u3v7B+XDo7YSscSkhQUTsushRRjlpKWpZqQbSYJCj5GOF9xmeueJSEUFf9STiPRDNOLUpxhpQw3KFddDEnYHAbyBri8RTroDp+qyodCqaug0CVLjsmv2rOAqcHJQAXk1B+UfdyhwHBKuMUNK9Rw70v0ESU0xI2nJjRWJEA7QiPQM5Cgkqp/MjknhmWGG0BfSPK7hjP3bkaBQqUnoGWeI9Fgtaxn5n9aLtX/dTyiPYk04ni/yYwa1gFkycEglwZpNDEBYUvNXiMfIRKJNfgtbstkRehYLlyRemCXlLOeyCtoXNeeyVn+oVxr3eWZFcAJOwTlwwBVogDvQBC2AwQt4Be/gw3qzptan9TW3Fqy85xgslPX9C+yGqpg=</latexit>

X̄k =
X1 + . . . + Xk

k

<latexit sha1_base64="7ErDjTYfBpNBFFwlz292/InHbDI=">AAACFnicbVDLSgMxFM3UV62vqks3wSK4KjMi6kYoiOBKKtgHToeSSTNtaB5DkhHq0L9w4UY/xZ24deuXuDXTzsK2Hggczrk3994Txoxq47rfTmFpeWV1rbhe2tjc2t4p7+41tUwUJg0smVTtEGnCqCANQw0j7VgRxENGWuHwKvNbj0RpKsW9GcUk4KgvaEQxMlZ6uPbbXRpcdnjSLVfcqjsBXCReTiogR71b/un0JE44EQYzpLXvubEJUqQMxYyMS51EkxjhIeoT31KBONFBOtl4DI+s0oORVPYJAyfq344Uca1HPLSVHJmBnvcy8T/PT0x0EaRUxIkhAk8HRQmDRsLsfNijimDDRpYgrKjdFeIBUggbG9LMlOzvGD3JmUvSkI9tUt58LoukeVL1zqqnd6eV2m2eWREcgENwDDxwDmrgBtRBA2AgwDN4BW/Oi/PufDif09KCk/fsgxk4X78/o6CA</latexit>

E[Xi] = µ
<latexit sha1_base64="8yrcL4iDqzhUsu7QdQTcyPJZmHc=">AAACKHicbVDLSgMxFM34rPU16k43wSK4KjOlqBuh4MaVVLAPaMdyJ03b0GRmSDJCHQp+jQs3+inupFt/wq2Zdha29UDgcM69ufceP+JMaceZWCura+sbm7mt/PbO7t6+fXBYV2EsCa2RkIey6YOinAW0ppnmtBlJCsLntOEPb1K/8USlYmHwoEcR9QT0A9ZjBLSROvZxW4AeSJHUQY5bzQ7zrtuK9QU8ljp2wSk6U+Bl4makgDJUO/ZPuxuSWNBAEw5KtVwn0l4CUjPC6TjfjhWNgAyhT1uGBiCo8pLpDWN8ZpQu7oXSvEDjqfq3IwGh1Ej4pjLdWC16qfif14p178pLWBDFmgZkNqgXc6xDnAaCu0xSovnIECCSmV0xGYAEok1sc1PSvyN4DucuSXwxNkm5i7ksk3qp6F4Uy/flQuUuyyyHTtApOkcuukQVdIuqqIYIekGv6B19WG/Wp/VlTWalK1bWc4TmYH3/Ak6Rp9E=</latexit>

Var[Xi] = s2<latexit sha1_base64="qmRgJ+CiyMU0xWK0qgsPkRbRy2E=">AAACHnicbVDNS8MwHE3n15xfVY9egkPwMEY7hnocePEkE9xW2EpJ03QLS5uSpINZ9p948KJ/ijfxqn+JV9OtB7f5IPB47/eV5yeMSmVZ30ZpY3Nre6e8W9nbPzg8Mo9PupKnApMO5owLx0eSMBqTjqKKEScRBEU+Iz1/fJv7vQkRkvL4UU0T4kZoGNOQYqS05Jmm49k16HiNGhywgCvpmVWrbs0B14ldkCoo0PbMn0HAcRqRWGGGpOzbVqLcDAlFMSOzyiCVJEF4jIakr2mMIiLdbH75DF5oJYAhF/rFCs7Vvx0ZiqScRr6ujJAayVUvF//z+qkKb9yMxkmqSIwXi8KUQcVhHgMMqCBYsakmCAuqb4V4hATCSoe1tCWfnaAnvvSTzI9mOil7NZd10m3U7at686FZbd0XmZXBGTgHl8AG16AF7kAbdAAGE/AMXsGb8WK8Gx/G56K0ZBQ9p2AJxtcv3vKiQA==</latexit>

X1, X2, . . . iid. random variables with and
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<latexit sha1_base64="XPluugCNTA4Z8PxjZdSTO9pxk6M=">AAACMXicbVDLSgMxFM3UV62vqks3wSIIhTIjRd0IBTeupIJ9QKeUTJppw2SSIckIdZgP8GtcuNFP6U7c+gFuzbSzsK0XAodzzr0393gRo0rb9tQqrK1vbG4Vt0s7u3v7B+XDo7YSscSkhQUTsushRRjlpKWpZqQbSYJCj5GOF9xmeueJSEUFf9STiPRDNOLUpxhpQw3KFddDEnYHAbyBri8RTroDp+qyodCqaug0CVLjsmv2rOAqcHJQAXk1B+UfdyhwHBKuMUNK9Rw70v0ESU0xI2nJjRWJEA7QiPQM5Cgkqp/MjknhmWGG0BfSPK7hjP3bkaBQqUnoGWeI9Fgtaxn5n9aLtX/dTyiPYk04ni/yYwa1gFkycEglwZpNDEBYUvNXiMfIRKJNfgtbstkRehYLlyRemCXlLOeyCtoXNeeyVn+oVxr3eWZFcAJOwTlwwBVogDvQBC2AwQt4Be/gw3qzptan9TW3Fqy85xgslPX9C+yGqpg=</latexit>

X̄k =
X1 + . . . + Xk

k

<latexit sha1_base64="7ErDjTYfBpNBFFwlz292/InHbDI=">AAACFnicbVDLSgMxFM3UV62vqks3wSK4KjMi6kYoiOBKKtgHToeSSTNtaB5DkhHq0L9w4UY/xZ24deuXuDXTzsK2Hggczrk3994Txoxq47rfTmFpeWV1rbhe2tjc2t4p7+41tUwUJg0smVTtEGnCqCANQw0j7VgRxENGWuHwKvNbj0RpKsW9GcUk4KgvaEQxMlZ6uPbbXRpcdnjSLVfcqjsBXCReTiogR71b/un0JE44EQYzpLXvubEJUqQMxYyMS51EkxjhIeoT31KBONFBOtl4DI+s0oORVPYJAyfq344Uca1HPLSVHJmBnvcy8T/PT0x0EaRUxIkhAk8HRQmDRsLsfNijimDDRpYgrKjdFeIBUggbG9LMlOzvGD3JmUvSkI9tUt58LoukeVL1zqqnd6eV2m2eWREcgENwDDxwDmrgBtRBA2AgwDN4BW/Oi/PufDif09KCk/fsgxk4X78/o6CA</latexit>

E[Xi] = µ
<latexit sha1_base64="8yrcL4iDqzhUsu7QdQTcyPJZmHc=">AAACKHicbVDLSgMxFM34rPU16k43wSK4KjOlqBuh4MaVVLAPaMdyJ03b0GRmSDJCHQp+jQs3+inupFt/wq2Zdha29UDgcM69ufceP+JMaceZWCura+sbm7mt/PbO7t6+fXBYV2EsCa2RkIey6YOinAW0ppnmtBlJCsLntOEPb1K/8USlYmHwoEcR9QT0A9ZjBLSROvZxW4AeSJHUQY5bzQ7zrtuK9QU8ljp2wSk6U+Bl4makgDJUO/ZPuxuSWNBAEw5KtVwn0l4CUjPC6TjfjhWNgAyhT1uGBiCo8pLpDWN8ZpQu7oXSvEDjqfq3IwGh1Ej4pjLdWC16qfif14p178pLWBDFmgZkNqgXc6xDnAaCu0xSovnIECCSmV0xGYAEok1sc1PSvyN4DucuSXwxNkm5i7ksk3qp6F4Uy/flQuUuyyyHTtApOkcuukQVdIuqqIYIekGv6B19WG/Wp/VlTWalK1bWc4TmYH3/Ak6Rp9E=</latexit>

Var[Xi] = s2<latexit sha1_base64="qmRgJ+CiyMU0xWK0qgsPkRbRy2E=">AAACHnicbVDNS8MwHE3n15xfVY9egkPwMEY7hnocePEkE9xW2EpJ03QLS5uSpINZ9p948KJ/ijfxqn+JV9OtB7f5IPB47/eV5yeMSmVZ30ZpY3Nre6e8W9nbPzg8Mo9PupKnApMO5owLx0eSMBqTjqKKEScRBEU+Iz1/fJv7vQkRkvL4UU0T4kZoGNOQYqS05Jmm49k16HiNGhywgCvpmVWrbs0B14ldkCoo0PbMn0HAcRqRWGGGpOzbVqLcDAlFMSOzyiCVJEF4jIakr2mMIiLdbH75DF5oJYAhF/rFCs7Vvx0ZiqScRr6ujJAayVUvF//z+qkKb9yMxkmqSIwXi8KUQcVhHgMMqCBYsakmCAuqb4V4hATCSoe1tCWfnaAnvvSTzI9mOil7NZd10m3U7at686FZbd0XmZXBGTgHl8AG16AF7kAbdAAGE/AMXsGb8WK8Gx/G56K0ZBQ9p2AJxtcv3vKiQA==</latexit>

X1, X2, . . . iid. random variables with and

Central Limit Theorem

<latexit sha1_base64="VWX1W2OxSmvITcXlQZBG/ipc1jY="></latexit>p
k

s

�
X̄k � µ

� i.d.! N (0, 1) (k ! •)
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<latexit sha1_base64="XPluugCNTA4Z8PxjZdSTO9pxk6M=">AAACMXicbVDLSgMxFM3UV62vqks3wSIIhTIjRd0IBTeupIJ9QKeUTJppw2SSIckIdZgP8GtcuNFP6U7c+gFuzbSzsK0XAodzzr0393gRo0rb9tQqrK1vbG4Vt0s7u3v7B+XDo7YSscSkhQUTsushRRjlpKWpZqQbSYJCj5GOF9xmeueJSEUFf9STiPRDNOLUpxhpQw3KFddDEnYHAbyBri8RTroDp+qyodCqaug0CVLjsmv2rOAqcHJQAXk1B+UfdyhwHBKuMUNK9Rw70v0ESU0xI2nJjRWJEA7QiPQM5Cgkqp/MjknhmWGG0BfSPK7hjP3bkaBQqUnoGWeI9Fgtaxn5n9aLtX/dTyiPYk04ni/yYwa1gFkycEglwZpNDEBYUvNXiMfIRKJNfgtbstkRehYLlyRemCXlLOeyCtoXNeeyVn+oVxr3eWZFcAJOwTlwwBVogDvQBC2AwQt4Be/gw3qzptan9TW3Fqy85xgslPX9C+yGqpg=</latexit>

X̄k =
X1 + . . . + Xk

k

<latexit sha1_base64="7ErDjTYfBpNBFFwlz292/InHbDI=">AAACFnicbVDLSgMxFM3UV62vqks3wSK4KjMi6kYoiOBKKtgHToeSSTNtaB5DkhHq0L9w4UY/xZ24deuXuDXTzsK2Hggczrk3994Txoxq47rfTmFpeWV1rbhe2tjc2t4p7+41tUwUJg0smVTtEGnCqCANQw0j7VgRxENGWuHwKvNbj0RpKsW9GcUk4KgvaEQxMlZ6uPbbXRpcdnjSLVfcqjsBXCReTiogR71b/un0JE44EQYzpLXvubEJUqQMxYyMS51EkxjhIeoT31KBONFBOtl4DI+s0oORVPYJAyfq344Uca1HPLSVHJmBnvcy8T/PT0x0EaRUxIkhAk8HRQmDRsLsfNijimDDRpYgrKjdFeIBUggbG9LMlOzvGD3JmUvSkI9tUt58LoukeVL1zqqnd6eV2m2eWREcgENwDDxwDmrgBtRBA2AgwDN4BW/Oi/PufDif09KCk/fsgxk4X78/o6CA</latexit>

E[Xi] = µ
<latexit sha1_base64="8yrcL4iDqzhUsu7QdQTcyPJZmHc=">AAACKHicbVDLSgMxFM34rPU16k43wSK4KjOlqBuh4MaVVLAPaMdyJ03b0GRmSDJCHQp+jQs3+inupFt/wq2Zdha29UDgcM69ufceP+JMaceZWCura+sbm7mt/PbO7t6+fXBYV2EsCa2RkIey6YOinAW0ppnmtBlJCsLntOEPb1K/8USlYmHwoEcR9QT0A9ZjBLSROvZxW4AeSJHUQY5bzQ7zrtuK9QU8ljp2wSk6U+Bl4makgDJUO/ZPuxuSWNBAEw5KtVwn0l4CUjPC6TjfjhWNgAyhT1uGBiCo8pLpDWN8ZpQu7oXSvEDjqfq3IwGh1Ej4pjLdWC16qfif14p178pLWBDFmgZkNqgXc6xDnAaCu0xSovnIECCSmV0xGYAEok1sc1PSvyN4DucuSXwxNkm5i7ksk3qp6F4Uy/flQuUuyyyHTtApOkcuukQVdIuqqIYIekGv6B19WG/Wp/VlTWalK1bWc4TmYH3/Ak6Rp9E=</latexit>

Var[Xi] = s2<latexit sha1_base64="qmRgJ+CiyMU0xWK0qgsPkRbRy2E=">AAACHnicbVDNS8MwHE3n15xfVY9egkPwMEY7hnocePEkE9xW2EpJ03QLS5uSpINZ9p948KJ/ijfxqn+JV9OtB7f5IPB47/eV5yeMSmVZ30ZpY3Nre6e8W9nbPzg8Mo9PupKnApMO5owLx0eSMBqTjqKKEScRBEU+Iz1/fJv7vQkRkvL4UU0T4kZoGNOQYqS05Jmm49k16HiNGhywgCvpmVWrbs0B14ldkCoo0PbMn0HAcRqRWGGGpOzbVqLcDAlFMSOzyiCVJEF4jIakr2mMIiLdbH75DF5oJYAhF/rFCs7Vvx0ZiqScRr6ujJAayVUvF//z+qkKb9yMxkmqSIwXi8KUQcVhHgMMqCBYsakmCAuqb4V4hATCSoe1tCWfnaAnvvSTzI9mOil7NZd10m3U7at686FZbd0XmZXBGTgHl8AG16AF7kAbdAAGE/AMXsGb8WK8Gx/G56K0ZBQ9p2AJxtcv3vKiQA==</latexit>

X1, X2, . . . iid. random variables with and

k = 1

10

Central Limit Theorem

<latexit sha1_base64="VWX1W2OxSmvITcXlQZBG/ipc1jY="></latexit>p
k

s

�
X̄k � µ

� i.d.! N (0, 1) (k ! •)
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<latexit sha1_base64="XPluugCNTA4Z8PxjZdSTO9pxk6M=">AAACMXicbVDLSgMxFM3UV62vqks3wSIIhTIjRd0IBTeupIJ9QKeUTJppw2SSIckIdZgP8GtcuNFP6U7c+gFuzbSzsK0XAodzzr0393gRo0rb9tQqrK1vbG4Vt0s7u3v7B+XDo7YSscSkhQUTsushRRjlpKWpZqQbSYJCj5GOF9xmeueJSEUFf9STiPRDNOLUpxhpQw3KFddDEnYHAbyBri8RTroDp+qyodCqaug0CVLjsmv2rOAqcHJQAXk1B+UfdyhwHBKuMUNK9Rw70v0ESU0xI2nJjRWJEA7QiPQM5Cgkqp/MjknhmWGG0BfSPK7hjP3bkaBQqUnoGWeI9Fgtaxn5n9aLtX/dTyiPYk04ni/yYwa1gFkycEglwZpNDEBYUvNXiMfIRKJNfgtbstkRehYLlyRemCXlLOeyCtoXNeeyVn+oVxr3eWZFcAJOwTlwwBVogDvQBC2AwQt4Be/gw3qzptan9TW3Fqy85xgslPX9C+yGqpg=</latexit>

X̄k =
X1 + . . . + Xk

k

<latexit sha1_base64="7ErDjTYfBpNBFFwlz292/InHbDI=">AAACFnicbVDLSgMxFM3UV62vqks3wSK4KjMi6kYoiOBKKtgHToeSSTNtaB5DkhHq0L9w4UY/xZ24deuXuDXTzsK2Hggczrk3994Txoxq47rfTmFpeWV1rbhe2tjc2t4p7+41tUwUJg0smVTtEGnCqCANQw0j7VgRxENGWuHwKvNbj0RpKsW9GcUk4KgvaEQxMlZ6uPbbXRpcdnjSLVfcqjsBXCReTiogR71b/un0JE44EQYzpLXvubEJUqQMxYyMS51EkxjhIeoT31KBONFBOtl4DI+s0oORVPYJAyfq344Uca1HPLSVHJmBnvcy8T/PT0x0EaRUxIkhAk8HRQmDRsLsfNijimDDRpYgrKjdFeIBUggbG9LMlOzvGD3JmUvSkI9tUt58LoukeVL1zqqnd6eV2m2eWREcgENwDDxwDmrgBtRBA2AgwDN4BW/Oi/PufDif09KCk/fsgxk4X78/o6CA</latexit>

E[Xi] = µ
<latexit sha1_base64="8yrcL4iDqzhUsu7QdQTcyPJZmHc=">AAACKHicbVDLSgMxFM34rPU16k43wSK4KjOlqBuh4MaVVLAPaMdyJ03b0GRmSDJCHQp+jQs3+inupFt/wq2Zdha29UDgcM69ufceP+JMaceZWCura+sbm7mt/PbO7t6+fXBYV2EsCa2RkIey6YOinAW0ppnmtBlJCsLntOEPb1K/8USlYmHwoEcR9QT0A9ZjBLSROvZxW4AeSJHUQY5bzQ7zrtuK9QU8ljp2wSk6U+Bl4makgDJUO/ZPuxuSWNBAEw5KtVwn0l4CUjPC6TjfjhWNgAyhT1uGBiCo8pLpDWN8ZpQu7oXSvEDjqfq3IwGh1Ej4pjLdWC16qfif14p178pLWBDFmgZkNqgXc6xDnAaCu0xSovnIECCSmV0xGYAEok1sc1PSvyN4DucuSXwxNkm5i7ksk3qp6F4Uy/flQuUuyyyHTtApOkcuukQVdIuqqIYIekGv6B19WG/Wp/VlTWalK1bWc4TmYH3/Ak6Rp9E=</latexit>

Var[Xi] = s2<latexit sha1_base64="qmRgJ+CiyMU0xWK0qgsPkRbRy2E=">AAACHnicbVDNS8MwHE3n15xfVY9egkPwMEY7hnocePEkE9xW2EpJ03QLS5uSpINZ9p948KJ/ijfxqn+JV9OtB7f5IPB47/eV5yeMSmVZ30ZpY3Nre6e8W9nbPzg8Mo9PupKnApMO5owLx0eSMBqTjqKKEScRBEU+Iz1/fJv7vQkRkvL4UU0T4kZoGNOQYqS05Jmm49k16HiNGhywgCvpmVWrbs0B14ldkCoo0PbMn0HAcRqRWGGGpOzbVqLcDAlFMSOzyiCVJEF4jIakr2mMIiLdbH75DF5oJYAhF/rFCs7Vvx0ZiqScRr6ujJAayVUvF//z+qkKb9yMxkmqSIwXi8KUQcVhHgMMqCBYsakmCAuqb4V4hATCSoe1tCWfnaAnvvSTzI9mOil7NZd10m3U7at686FZbd0XmZXBGTgHl8AG16AF7kAbdAAGE/AMXsGb8WK8Gx/G56K0ZBQ9p2AJxtcv3vKiQA==</latexit>

X1, X2, . . . iid. random variables with and

k = 1

10

k = 2

Central Limit Theorem

<latexit sha1_base64="VWX1W2OxSmvITcXlQZBG/ipc1jY="></latexit>p
k

s

�
X̄k � µ

� i.d.! N (0, 1) (k ! •)
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<latexit sha1_base64="XPluugCNTA4Z8PxjZdSTO9pxk6M=">AAACMXicbVDLSgMxFM3UV62vqks3wSIIhTIjRd0IBTeupIJ9QKeUTJppw2SSIckIdZgP8GtcuNFP6U7c+gFuzbSzsK0XAodzzr0393gRo0rb9tQqrK1vbG4Vt0s7u3v7B+XDo7YSscSkhQUTsushRRjlpKWpZqQbSYJCj5GOF9xmeueJSEUFf9STiPRDNOLUpxhpQw3KFddDEnYHAbyBri8RTroDp+qyodCqaug0CVLjsmv2rOAqcHJQAXk1B+UfdyhwHBKuMUNK9Rw70v0ESU0xI2nJjRWJEA7QiPQM5Cgkqp/MjknhmWGG0BfSPK7hjP3bkaBQqUnoGWeI9Fgtaxn5n9aLtX/dTyiPYk04ni/yYwa1gFkycEglwZpNDEBYUvNXiMfIRKJNfgtbstkRehYLlyRemCXlLOeyCtoXNeeyVn+oVxr3eWZFcAJOwTlwwBVogDvQBC2AwQt4Be/gw3qzptan9TW3Fqy85xgslPX9C+yGqpg=</latexit>

X̄k =
X1 + . . . + Xk

k

<latexit sha1_base64="7ErDjTYfBpNBFFwlz292/InHbDI=">AAACFnicbVDLSgMxFM3UV62vqks3wSK4KjMi6kYoiOBKKtgHToeSSTNtaB5DkhHq0L9w4UY/xZ24deuXuDXTzsK2Hggczrk3994Txoxq47rfTmFpeWV1rbhe2tjc2t4p7+41tUwUJg0smVTtEGnCqCANQw0j7VgRxENGWuHwKvNbj0RpKsW9GcUk4KgvaEQxMlZ6uPbbXRpcdnjSLVfcqjsBXCReTiogR71b/un0JE44EQYzpLXvubEJUqQMxYyMS51EkxjhIeoT31KBONFBOtl4DI+s0oORVPYJAyfq344Uca1HPLSVHJmBnvcy8T/PT0x0EaRUxIkhAk8HRQmDRsLsfNijimDDRpYgrKjdFeIBUggbG9LMlOzvGD3JmUvSkI9tUt58LoukeVL1zqqnd6eV2m2eWREcgENwDDxwDmrgBtRBA2AgwDN4BW/Oi/PufDif09KCk/fsgxk4X78/o6CA</latexit>

E[Xi] = µ
<latexit sha1_base64="8yrcL4iDqzhUsu7QdQTcyPJZmHc=">AAACKHicbVDLSgMxFM34rPU16k43wSK4KjOlqBuh4MaVVLAPaMdyJ03b0GRmSDJCHQp+jQs3+inupFt/wq2Zdha29UDgcM69ufceP+JMaceZWCura+sbm7mt/PbO7t6+fXBYV2EsCa2RkIey6YOinAW0ppnmtBlJCsLntOEPb1K/8USlYmHwoEcR9QT0A9ZjBLSROvZxW4AeSJHUQY5bzQ7zrtuK9QU8ljp2wSk6U+Bl4makgDJUO/ZPuxuSWNBAEw5KtVwn0l4CUjPC6TjfjhWNgAyhT1uGBiCo8pLpDWN8ZpQu7oXSvEDjqfq3IwGh1Ej4pjLdWC16qfif14p178pLWBDFmgZkNqgXc6xDnAaCu0xSovnIECCSmV0xGYAEok1sc1PSvyN4DucuSXwxNkm5i7ksk3qp6F4Uy/flQuUuyyyHTtApOkcuukQVdIuqqIYIekGv6B19WG/Wp/VlTWalK1bWc4TmYH3/Ak6Rp9E=</latexit>

Var[Xi] = s2<latexit sha1_base64="qmRgJ+CiyMU0xWK0qgsPkRbRy2E=">AAACHnicbVDNS8MwHE3n15xfVY9egkPwMEY7hnocePEkE9xW2EpJ03QLS5uSpINZ9p948KJ/ijfxqn+JV9OtB7f5IPB47/eV5yeMSmVZ30ZpY3Nre6e8W9nbPzg8Mo9PupKnApMO5owLx0eSMBqTjqKKEScRBEU+Iz1/fJv7vQkRkvL4UU0T4kZoGNOQYqS05Jmm49k16HiNGhywgCvpmVWrbs0B14ldkCoo0PbMn0HAcRqRWGGGpOzbVqLcDAlFMSOzyiCVJEF4jIakr2mMIiLdbH75DF5oJYAhF/rFCs7Vvx0ZiqScRr6ujJAayVUvF//z+qkKb9yMxkmqSIwXi8KUQcVhHgMMqCBYsakmCAuqb4V4hATCSoe1tCWfnaAnvvSTzI9mOil7NZd10m3U7at686FZbd0XmZXBGTgHl8AG16AF7kAbdAAGE/AMXsGb8WK8Gx/G56K0ZBQ9p2AJxtcv3vKiQA==</latexit>

X1, X2, . . . iid. random variables with and

k = 1

10

k = 2 k = 10

Central Limit Theorem

<latexit sha1_base64="VWX1W2OxSmvITcXlQZBG/ipc1jY="></latexit>p
k

s

�
X̄k � µ

� i.d.! N (0, 1) (k ! •)
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<latexit sha1_base64="XPluugCNTA4Z8PxjZdSTO9pxk6M=">AAACMXicbVDLSgMxFM3UV62vqks3wSIIhTIjRd0IBTeupIJ9QKeUTJppw2SSIckIdZgP8GtcuNFP6U7c+gFuzbSzsK0XAodzzr0393gRo0rb9tQqrK1vbG4Vt0s7u3v7B+XDo7YSscSkhQUTsushRRjlpKWpZqQbSYJCj5GOF9xmeueJSEUFf9STiPRDNOLUpxhpQw3KFddDEnYHAbyBri8RTroDp+qyodCqaug0CVLjsmv2rOAqcHJQAXk1B+UfdyhwHBKuMUNK9Rw70v0ESU0xI2nJjRWJEA7QiPQM5Cgkqp/MjknhmWGG0BfSPK7hjP3bkaBQqUnoGWeI9Fgtaxn5n9aLtX/dTyiPYk04ni/yYwa1gFkycEglwZpNDEBYUvNXiMfIRKJNfgtbstkRehYLlyRemCXlLOeyCtoXNeeyVn+oVxr3eWZFcAJOwTlwwBVogDvQBC2AwQt4Be/gw3qzptan9TW3Fqy85xgslPX9C+yGqpg=</latexit>

X̄k =
X1 + . . . + Xk

k

<latexit sha1_base64="7ErDjTYfBpNBFFwlz292/InHbDI=">AAACFnicbVDLSgMxFM3UV62vqks3wSK4KjMi6kYoiOBKKtgHToeSSTNtaB5DkhHq0L9w4UY/xZ24deuXuDXTzsK2Hggczrk3994Txoxq47rfTmFpeWV1rbhe2tjc2t4p7+41tUwUJg0smVTtEGnCqCANQw0j7VgRxENGWuHwKvNbj0RpKsW9GcUk4KgvaEQxMlZ6uPbbXRpcdnjSLVfcqjsBXCReTiogR71b/un0JE44EQYzpLXvubEJUqQMxYyMS51EkxjhIeoT31KBONFBOtl4DI+s0oORVPYJAyfq344Uca1HPLSVHJmBnvcy8T/PT0x0EaRUxIkhAk8HRQmDRsLsfNijimDDRpYgrKjdFeIBUggbG9LMlOzvGD3JmUvSkI9tUt58LoukeVL1zqqnd6eV2m2eWREcgENwDDxwDmrgBtRBA2AgwDN4BW/Oi/PufDif09KCk/fsgxk4X78/o6CA</latexit>

E[Xi] = µ
<latexit sha1_base64="8yrcL4iDqzhUsu7QdQTcyPJZmHc=">AAACKHicbVDLSgMxFM34rPU16k43wSK4KjOlqBuh4MaVVLAPaMdyJ03b0GRmSDJCHQp+jQs3+inupFt/wq2Zdha29UDgcM69ufceP+JMaceZWCura+sbm7mt/PbO7t6+fXBYV2EsCa2RkIey6YOinAW0ppnmtBlJCsLntOEPb1K/8USlYmHwoEcR9QT0A9ZjBLSROvZxW4AeSJHUQY5bzQ7zrtuK9QU8ljp2wSk6U+Bl4makgDJUO/ZPuxuSWNBAEw5KtVwn0l4CUjPC6TjfjhWNgAyhT1uGBiCo8pLpDWN8ZpQu7oXSvEDjqfq3IwGh1Ej4pjLdWC16qfif14p178pLWBDFmgZkNqgXc6xDnAaCu0xSovnIECCSmV0xGYAEok1sc1PSvyN4DucuSXwxNkm5i7ksk3qp6F4Uy/flQuUuyyyHTtApOkcuukQVdIuqqIYIekGv6B19WG/Wp/VlTWalK1bWc4TmYH3/Ak6Rp9E=</latexit>

Var[Xi] = s2<latexit sha1_base64="qmRgJ+CiyMU0xWK0qgsPkRbRy2E=">AAACHnicbVDNS8MwHE3n15xfVY9egkPwMEY7hnocePEkE9xW2EpJ03QLS5uSpINZ9p948KJ/ijfxqn+JV9OtB7f5IPB47/eV5yeMSmVZ30ZpY3Nre6e8W9nbPzg8Mo9PupKnApMO5owLx0eSMBqTjqKKEScRBEU+Iz1/fJv7vQkRkvL4UU0T4kZoGNOQYqS05Jmm49k16HiNGhywgCvpmVWrbs0B14ldkCoo0PbMn0HAcRqRWGGGpOzbVqLcDAlFMSOzyiCVJEF4jIakr2mMIiLdbH75DF5oJYAhF/rFCs7Vvx0ZiqScRr6ujJAayVUvF//z+qkKb9yMxkmqSIwXi8KUQcVhHgMMqCBYsakmCAuqb4V4hATCSoe1tCWfnaAnvvSTzI9mOil7NZd10m3U7at686FZbd0XmZXBGTgHl8AG16AF7kAbdAAGE/AMXsGb8WK8Gx/G56K0ZBQ9p2AJxtcv3vKiQA==</latexit>

X1, X2, . . . iid. random variables with and

k = 1

10

k = 2 k = 10 k = 100

Central Limit Theorem

<latexit sha1_base64="VWX1W2OxSmvITcXlQZBG/ipc1jY="></latexit>p
k

s

�
X̄k � µ

� i.d.! N (0, 1) (k ! •)
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<latexit sha1_base64="XPluugCNTA4Z8PxjZdSTO9pxk6M=">AAACMXicbVDLSgMxFM3UV62vqks3wSIIhTIjRd0IBTeupIJ9QKeUTJppw2SSIckIdZgP8GtcuNFP6U7c+gFuzbSzsK0XAodzzr0393gRo0rb9tQqrK1vbG4Vt0s7u3v7B+XDo7YSscSkhQUTsushRRjlpKWpZqQbSYJCj5GOF9xmeueJSEUFf9STiPRDNOLUpxhpQw3KFddDEnYHAbyBri8RTroDp+qyodCqaug0CVLjsmv2rOAqcHJQAXk1B+UfdyhwHBKuMUNK9Rw70v0ESU0xI2nJjRWJEA7QiPQM5Cgkqp/MjknhmWGG0BfSPK7hjP3bkaBQqUnoGWeI9Fgtaxn5n9aLtX/dTyiPYk04ni/yYwa1gFkycEglwZpNDEBYUvNXiMfIRKJNfgtbstkRehYLlyRemCXlLOeyCtoXNeeyVn+oVxr3eWZFcAJOwTlwwBVogDvQBC2AwQt4Be/gw3qzptan9TW3Fqy85xgslPX9C+yGqpg=</latexit>

X̄k =
X1 + . . . + Xk

k

<latexit sha1_base64="7ErDjTYfBpNBFFwlz292/InHbDI=">AAACFnicbVDLSgMxFM3UV62vqks3wSK4KjMi6kYoiOBKKtgHToeSSTNtaB5DkhHq0L9w4UY/xZ24deuXuDXTzsK2Hggczrk3994Txoxq47rfTmFpeWV1rbhe2tjc2t4p7+41tUwUJg0smVTtEGnCqCANQw0j7VgRxENGWuHwKvNbj0RpKsW9GcUk4KgvaEQxMlZ6uPbbXRpcdnjSLVfcqjsBXCReTiogR71b/un0JE44EQYzpLXvubEJUqQMxYyMS51EkxjhIeoT31KBONFBOtl4DI+s0oORVPYJAyfq344Uca1HPLSVHJmBnvcy8T/PT0x0EaRUxIkhAk8HRQmDRsLsfNijimDDRpYgrKjdFeIBUggbG9LMlOzvGD3JmUvSkI9tUt58LoukeVL1zqqnd6eV2m2eWREcgENwDDxwDmrgBtRBA2AgwDN4BW/Oi/PufDif09KCk/fsgxk4X78/o6CA</latexit>

E[Xi] = µ
<latexit sha1_base64="8yrcL4iDqzhUsu7QdQTcyPJZmHc=">AAACKHicbVDLSgMxFM34rPU16k43wSK4KjOlqBuh4MaVVLAPaMdyJ03b0GRmSDJCHQp+jQs3+inupFt/wq2Zdha29UDgcM69ufceP+JMaceZWCura+sbm7mt/PbO7t6+fXBYV2EsCa2RkIey6YOinAW0ppnmtBlJCsLntOEPb1K/8USlYmHwoEcR9QT0A9ZjBLSROvZxW4AeSJHUQY5bzQ7zrtuK9QU8ljp2wSk6U+Bl4makgDJUO/ZPuxuSWNBAEw5KtVwn0l4CUjPC6TjfjhWNgAyhT1uGBiCo8pLpDWN8ZpQu7oXSvEDjqfq3IwGh1Ej4pjLdWC16qfif14p178pLWBDFmgZkNqgXc6xDnAaCu0xSovnIECCSmV0xGYAEok1sc1PSvyN4DucuSXwxNkm5i7ksk3qp6F4Uy/flQuUuyyyHTtApOkcuukQVdIuqqIYIekGv6B19WG/Wp/VlTWalK1bWc4TmYH3/Ak6Rp9E=</latexit>

Var[Xi] = s2<latexit sha1_base64="qmRgJ+CiyMU0xWK0qgsPkRbRy2E=">AAACHnicbVDNS8MwHE3n15xfVY9egkPwMEY7hnocePEkE9xW2EpJ03QLS5uSpINZ9p948KJ/ijfxqn+JV9OtB7f5IPB47/eV5yeMSmVZ30ZpY3Nre6e8W9nbPzg8Mo9PupKnApMO5owLx0eSMBqTjqKKEScRBEU+Iz1/fJv7vQkRkvL4UU0T4kZoGNOQYqS05Jmm49k16HiNGhywgCvpmVWrbs0B14ldkCoo0PbMn0HAcRqRWGGGpOzbVqLcDAlFMSOzyiCVJEF4jIakr2mMIiLdbH75DF5oJYAhF/rFCs7Vvx0ZiqScRr6ujJAayVUvF//z+qkKb9yMxkmqSIwXi8KUQcVhHgMMqCBYsakmCAuqb4V4hATCSoe1tCWfnaAnvvSTzI9mOil7NZd10m3U7at686FZbd0XmZXBGTgHl8AG16AF7kAbdAAGE/AMXsGb8WK8Gx/G56K0ZBQ9p2AJxtcv3vKiQA==</latexit>

X1, X2, . . . iid. random variables with and

k = 1

Central Limit Theorem

<latexit sha1_base64="VWX1W2OxSmvITcXlQZBG/ipc1jY="></latexit>p
k

s

�
X̄k � µ

� i.d.! N (0, 1) (k ! •)
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<latexit sha1_base64="XPluugCNTA4Z8PxjZdSTO9pxk6M=">AAACMXicbVDLSgMxFM3UV62vqks3wSIIhTIjRd0IBTeupIJ9QKeUTJppw2SSIckIdZgP8GtcuNFP6U7c+gFuzbSzsK0XAodzzr0393gRo0rb9tQqrK1vbG4Vt0s7u3v7B+XDo7YSscSkhQUTsushRRjlpKWpZqQbSYJCj5GOF9xmeueJSEUFf9STiPRDNOLUpxhpQw3KFddDEnYHAbyBri8RTroDp+qyodCqaug0CVLjsmv2rOAqcHJQAXk1B+UfdyhwHBKuMUNK9Rw70v0ESU0xI2nJjRWJEA7QiPQM5Cgkqp/MjknhmWGG0BfSPK7hjP3bkaBQqUnoGWeI9Fgtaxn5n9aLtX/dTyiPYk04ni/yYwa1gFkycEglwZpNDEBYUvNXiMfIRKJNfgtbstkRehYLlyRemCXlLOeyCtoXNeeyVn+oVxr3eWZFcAJOwTlwwBVogDvQBC2AwQt4Be/gw3qzptan9TW3Fqy85xgslPX9C+yGqpg=</latexit>

X̄k =
X1 + . . . + Xk

k

<latexit sha1_base64="7ErDjTYfBpNBFFwlz292/InHbDI=">AAACFnicbVDLSgMxFM3UV62vqks3wSK4KjMi6kYoiOBKKtgHToeSSTNtaB5DkhHq0L9w4UY/xZ24deuXuDXTzsK2Hggczrk3994Txoxq47rfTmFpeWV1rbhe2tjc2t4p7+41tUwUJg0smVTtEGnCqCANQw0j7VgRxENGWuHwKvNbj0RpKsW9GcUk4KgvaEQxMlZ6uPbbXRpcdnjSLVfcqjsBXCReTiogR71b/un0JE44EQYzpLXvubEJUqQMxYyMS51EkxjhIeoT31KBONFBOtl4DI+s0oORVPYJAyfq344Uca1HPLSVHJmBnvcy8T/PT0x0EaRUxIkhAk8HRQmDRsLsfNijimDDRpYgrKjdFeIBUggbG9LMlOzvGD3JmUvSkI9tUt58LoukeVL1zqqnd6eV2m2eWREcgENwDDxwDmrgBtRBA2AgwDN4BW/Oi/PufDif09KCk/fsgxk4X78/o6CA</latexit>

E[Xi] = µ
<latexit sha1_base64="8yrcL4iDqzhUsu7QdQTcyPJZmHc=">AAACKHicbVDLSgMxFM34rPU16k43wSK4KjOlqBuh4MaVVLAPaMdyJ03b0GRmSDJCHQp+jQs3+inupFt/wq2Zdha29UDgcM69ufceP+JMaceZWCura+sbm7mt/PbO7t6+fXBYV2EsCa2RkIey6YOinAW0ppnmtBlJCsLntOEPb1K/8USlYmHwoEcR9QT0A9ZjBLSROvZxW4AeSJHUQY5bzQ7zrtuK9QU8ljp2wSk6U+Bl4makgDJUO/ZPuxuSWNBAEw5KtVwn0l4CUjPC6TjfjhWNgAyhT1uGBiCo8pLpDWN8ZpQu7oXSvEDjqfq3IwGh1Ej4pjLdWC16qfif14p178pLWBDFmgZkNqgXc6xDnAaCu0xSovnIECCSmV0xGYAEok1sc1PSvyN4DucuSXwxNkm5i7ksk3qp6F4Uy/flQuUuyyyHTtApOkcuukQVdIuqqIYIekGv6B19WG/Wp/VlTWalK1bWc4TmYH3/Ak6Rp9E=</latexit>

Var[Xi] = s2<latexit sha1_base64="qmRgJ+CiyMU0xWK0qgsPkRbRy2E=">AAACHnicbVDNS8MwHE3n15xfVY9egkPwMEY7hnocePEkE9xW2EpJ03QLS5uSpINZ9p948KJ/ijfxqn+JV9OtB7f5IPB47/eV5yeMSmVZ30ZpY3Nre6e8W9nbPzg8Mo9PupKnApMO5owLx0eSMBqTjqKKEScRBEU+Iz1/fJv7vQkRkvL4UU0T4kZoGNOQYqS05Jmm49k16HiNGhywgCvpmVWrbs0B14ldkCoo0PbMn0HAcRqRWGGGpOzbVqLcDAlFMSOzyiCVJEF4jIakr2mMIiLdbH75DF5oJYAhF/rFCs7Vvx0ZiqScRr6ujJAayVUvF//z+qkKb9yMxkmqSIwXi8KUQcVhHgMMqCBYsakmCAuqb4V4hATCSoe1tCWfnaAnvvSTzI9mOil7NZd10m3U7at686FZbd0XmZXBGTgHl8AG16AF7kAbdAAGE/AMXsGb8WK8Gx/G56K0ZBQ9p2AJxtcv3vKiQA==</latexit>

X1, X2, . . . iid. random variables with and

k = 1 k = 2

Central Limit Theorem

<latexit sha1_base64="VWX1W2OxSmvITcXlQZBG/ipc1jY="></latexit>p
k

s

�
X̄k � µ

� i.d.! N (0, 1) (k ! •)
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<latexit sha1_base64="XPluugCNTA4Z8PxjZdSTO9pxk6M=">AAACMXicbVDLSgMxFM3UV62vqks3wSIIhTIjRd0IBTeupIJ9QKeUTJppw2SSIckIdZgP8GtcuNFP6U7c+gFuzbSzsK0XAodzzr0393gRo0rb9tQqrK1vbG4Vt0s7u3v7B+XDo7YSscSkhQUTsushRRjlpKWpZqQbSYJCj5GOF9xmeueJSEUFf9STiPRDNOLUpxhpQw3KFddDEnYHAbyBri8RTroDp+qyodCqaug0CVLjsmv2rOAqcHJQAXk1B+UfdyhwHBKuMUNK9Rw70v0ESU0xI2nJjRWJEA7QiPQM5Cgkqp/MjknhmWGG0BfSPK7hjP3bkaBQqUnoGWeI9Fgtaxn5n9aLtX/dTyiPYk04ni/yYwa1gFkycEglwZpNDEBYUvNXiMfIRKJNfgtbstkRehYLlyRemCXlLOeyCtoXNeeyVn+oVxr3eWZFcAJOwTlwwBVogDvQBC2AwQt4Be/gw3qzptan9TW3Fqy85xgslPX9C+yGqpg=</latexit>

X̄k =
X1 + . . . + Xk

k

<latexit sha1_base64="7ErDjTYfBpNBFFwlz292/InHbDI=">AAACFnicbVDLSgMxFM3UV62vqks3wSK4KjMi6kYoiOBKKtgHToeSSTNtaB5DkhHq0L9w4UY/xZ24deuXuDXTzsK2Hggczrk3994Txoxq47rfTmFpeWV1rbhe2tjc2t4p7+41tUwUJg0smVTtEGnCqCANQw0j7VgRxENGWuHwKvNbj0RpKsW9GcUk4KgvaEQxMlZ6uPbbXRpcdnjSLVfcqjsBXCReTiogR71b/un0JE44EQYzpLXvubEJUqQMxYyMS51EkxjhIeoT31KBONFBOtl4DI+s0oORVPYJAyfq344Uca1HPLSVHJmBnvcy8T/PT0x0EaRUxIkhAk8HRQmDRsLsfNijimDDRpYgrKjdFeIBUggbG9LMlOzvGD3JmUvSkI9tUt58LoukeVL1zqqnd6eV2m2eWREcgENwDDxwDmrgBtRBA2AgwDN4BW/Oi/PufDif09KCk/fsgxk4X78/o6CA</latexit>

E[Xi] = µ
<latexit sha1_base64="8yrcL4iDqzhUsu7QdQTcyPJZmHc=">AAACKHicbVDLSgMxFM34rPU16k43wSK4KjOlqBuh4MaVVLAPaMdyJ03b0GRmSDJCHQp+jQs3+inupFt/wq2Zdha29UDgcM69ufceP+JMaceZWCura+sbm7mt/PbO7t6+fXBYV2EsCa2RkIey6YOinAW0ppnmtBlJCsLntOEPb1K/8USlYmHwoEcR9QT0A9ZjBLSROvZxW4AeSJHUQY5bzQ7zrtuK9QU8ljp2wSk6U+Bl4makgDJUO/ZPuxuSWNBAEw5KtVwn0l4CUjPC6TjfjhWNgAyhT1uGBiCo8pLpDWN8ZpQu7oXSvEDjqfq3IwGh1Ej4pjLdWC16qfif14p178pLWBDFmgZkNqgXc6xDnAaCu0xSovnIECCSmV0xGYAEok1sc1PSvyN4DucuSXwxNkm5i7ksk3qp6F4Uy/flQuUuyyyHTtApOkcuukQVdIuqqIYIekGv6B19WG/Wp/VlTWalK1bWc4TmYH3/Ak6Rp9E=</latexit>

Var[Xi] = s2<latexit sha1_base64="qmRgJ+CiyMU0xWK0qgsPkRbRy2E=">AAACHnicbVDNS8MwHE3n15xfVY9egkPwMEY7hnocePEkE9xW2EpJ03QLS5uSpINZ9p948KJ/ijfxqn+JV9OtB7f5IPB47/eV5yeMSmVZ30ZpY3Nre6e8W9nbPzg8Mo9PupKnApMO5owLx0eSMBqTjqKKEScRBEU+Iz1/fJv7vQkRkvL4UU0T4kZoGNOQYqS05Jmm49k16HiNGhywgCvpmVWrbs0B14ldkCoo0PbMn0HAcRqRWGGGpOzbVqLcDAlFMSOzyiCVJEF4jIakr2mMIiLdbH75DF5oJYAhF/rFCs7Vvx0ZiqScRr6ujJAayVUvF//z+qkKb9yMxkmqSIwXi8KUQcVhHgMMqCBYsakmCAuqb4V4hATCSoe1tCWfnaAnvvSTzI9mOil7NZd10m3U7at686FZbd0XmZXBGTgHl8AG16AF7kAbdAAGE/AMXsGb8WK8Gx/G56K0ZBQ9p2AJxtcv3vKiQA==</latexit>

X1, X2, . . . iid. random variables with and

k = 1 k = 2 k = 3

Central Limit Theorem

<latexit sha1_base64="VWX1W2OxSmvITcXlQZBG/ipc1jY="></latexit>p
k

s

�
X̄k � µ

� i.d.! N (0, 1) (k ! •)
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<latexit sha1_base64="XPluugCNTA4Z8PxjZdSTO9pxk6M=">AAACMXicbVDLSgMxFM3UV62vqks3wSIIhTIjRd0IBTeupIJ9QKeUTJppw2SSIckIdZgP8GtcuNFP6U7c+gFuzbSzsK0XAodzzr0393gRo0rb9tQqrK1vbG4Vt0s7u3v7B+XDo7YSscSkhQUTsushRRjlpKWpZqQbSYJCj5GOF9xmeueJSEUFf9STiPRDNOLUpxhpQw3KFddDEnYHAbyBri8RTroDp+qyodCqaug0CVLjsmv2rOAqcHJQAXk1B+UfdyhwHBKuMUNK9Rw70v0ESU0xI2nJjRWJEA7QiPQM5Cgkqp/MjknhmWGG0BfSPK7hjP3bkaBQqUnoGWeI9Fgtaxn5n9aLtX/dTyiPYk04ni/yYwa1gFkycEglwZpNDEBYUvNXiMfIRKJNfgtbstkRehYLlyRemCXlLOeyCtoXNeeyVn+oVxr3eWZFcAJOwTlwwBVogDvQBC2AwQt4Be/gw3qzptan9TW3Fqy85xgslPX9C+yGqpg=</latexit>

X̄k =
X1 + . . . + Xk

k

<latexit sha1_base64="7ErDjTYfBpNBFFwlz292/InHbDI=">AAACFnicbVDLSgMxFM3UV62vqks3wSK4KjMi6kYoiOBKKtgHToeSSTNtaB5DkhHq0L9w4UY/xZ24deuXuDXTzsK2Hggczrk3994Txoxq47rfTmFpeWV1rbhe2tjc2t4p7+41tUwUJg0smVTtEGnCqCANQw0j7VgRxENGWuHwKvNbj0RpKsW9GcUk4KgvaEQxMlZ6uPbbXRpcdnjSLVfcqjsBXCReTiogR71b/un0JE44EQYzpLXvubEJUqQMxYyMS51EkxjhIeoT31KBONFBOtl4DI+s0oORVPYJAyfq344Uca1HPLSVHJmBnvcy8T/PT0x0EaRUxIkhAk8HRQmDRsLsfNijimDDRpYgrKjdFeIBUggbG9LMlOzvGD3JmUvSkI9tUt58LoukeVL1zqqnd6eV2m2eWREcgENwDDxwDmrgBtRBA2AgwDN4BW/Oi/PufDif09KCk/fsgxk4X78/o6CA</latexit>

E[Xi] = µ
<latexit sha1_base64="8yrcL4iDqzhUsu7QdQTcyPJZmHc=">AAACKHicbVDLSgMxFM34rPU16k43wSK4KjOlqBuh4MaVVLAPaMdyJ03b0GRmSDJCHQp+jQs3+inupFt/wq2Zdha29UDgcM69ufceP+JMaceZWCura+sbm7mt/PbO7t6+fXBYV2EsCa2RkIey6YOinAW0ppnmtBlJCsLntOEPb1K/8USlYmHwoEcR9QT0A9ZjBLSROvZxW4AeSJHUQY5bzQ7zrtuK9QU8ljp2wSk6U+Bl4makgDJUO/ZPuxuSWNBAEw5KtVwn0l4CUjPC6TjfjhWNgAyhT1uGBiCo8pLpDWN8ZpQu7oXSvEDjqfq3IwGh1Ej4pjLdWC16qfif14p178pLWBDFmgZkNqgXc6xDnAaCu0xSovnIECCSmV0xGYAEok1sc1PSvyN4DucuSXwxNkm5i7ksk3qp6F4Uy/flQuUuyyyHTtApOkcuukQVdIuqqIYIekGv6B19WG/Wp/VlTWalK1bWc4TmYH3/Ak6Rp9E=</latexit>

Var[Xi] = s2<latexit sha1_base64="qmRgJ+CiyMU0xWK0qgsPkRbRy2E=">AAACHnicbVDNS8MwHE3n15xfVY9egkPwMEY7hnocePEkE9xW2EpJ03QLS5uSpINZ9p948KJ/ijfxqn+JV9OtB7f5IPB47/eV5yeMSmVZ30ZpY3Nre6e8W9nbPzg8Mo9PupKnApMO5owLx0eSMBqTjqKKEScRBEU+Iz1/fJv7vQkRkvL4UU0T4kZoGNOQYqS05Jmm49k16HiNGhywgCvpmVWrbs0B14ldkCoo0PbMn0HAcRqRWGGGpOzbVqLcDAlFMSOzyiCVJEF4jIakr2mMIiLdbH75DF5oJYAhF/rFCs7Vvx0ZiqScRr6ujJAayVUvF//z+qkKb9yMxkmqSIwXi8KUQcVhHgMMqCBYsakmCAuqb4V4hATCSoe1tCWfnaAnvvSTzI9mOil7NZd10m3U7at686FZbd0XmZXBGTgHl8AG16AF7kAbdAAGE/AMXsGb8WK8Gx/G56K0ZBQ9p2AJxtcv3vKiQA==</latexit>

X1, X2, . . . iid. random variables with and

k = 1 k = 2 k = 3 k = 4

Central Limit Theorem

<latexit sha1_base64="VWX1W2OxSmvITcXlQZBG/ipc1jY="></latexit>p
k

s

�
X̄k � µ

� i.d.! N (0, 1) (k ! •)



RGL Realistic Graphics Lab

Analysing data in higher dimensions (2D)

33

<latexit sha1_base64="qmRgJ+CiyMU0xWK0qgsPkRbRy2E=">AAACHnicbVDNS8MwHE3n15xfVY9egkPwMEY7hnocePEkE9xW2EpJ03QLS5uSpINZ9p948KJ/ijfxqn+JV9OtB7f5IPB47/eV5yeMSmVZ30ZpY3Nre6e8W9nbPzg8Mo9PupKnApMO5owLx0eSMBqTjqKKEScRBEU+Iz1/fJv7vQkRkvL4UU0T4kZoGNOQYqS05Jmm49k16HiNGhywgCvpmVWrbs0B14ldkCoo0PbMn0HAcRqRWGGGpOzbVqLcDAlFMSOzyiCVJEF4jIakr2mMIiLdbH75DF5oJYAhF/rFCs7Vvx0ZiqScRr6ujJAayVUvF//z+qkKb9yMxkmqSIwXi8KUQcVhHgMMqCBYsakmCAuqb4V4hATCSoe1tCWfnaAnvvSTzI9mOil7NZd10m3U7at686FZbd0XmZXBGTgHl8AG16AF7kAbdAAGE/AMXsGb8WK8Gx/G56K0ZBQ9p2AJxtcv3vKiQA==</latexit>

X1, X2, . . .
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<latexit sha1_base64="qmRgJ+CiyMU0xWK0qgsPkRbRy2E=">AAACHnicbVDNS8MwHE3n15xfVY9egkPwMEY7hnocePEkE9xW2EpJ03QLS5uSpINZ9p948KJ/ijfxqn+JV9OtB7f5IPB47/eV5yeMSmVZ30ZpY3Nre6e8W9nbPzg8Mo9PupKnApMO5owLx0eSMBqTjqKKEScRBEU+Iz1/fJv7vQkRkvL4UU0T4kZoGNOQYqS05Jmm49k16HiNGhywgCvpmVWrbs0B14ldkCoo0PbMn0HAcRqRWGGGpOzbVqLcDAlFMSOzyiCVJEF4jIakr2mMIiLdbH75DF5oJYAhF/rFCs7Vvx0ZiqScRr6ujJAayVUvF//z+qkKb9yMxkmqSIwXi8KUQcVhHgMMqCBYsakmCAuqb4V4hATCSoe1tCWfnaAnvvSTzI9mOil7NZd10m3U7at686FZbd0XmZXBGTgHl8AG16AF7kAbdAAGE/AMXsGb8WK8Gx/G56K0ZBQ9p2AJxtcv3vKiQA==</latexit>

X1, X2, . . .
<latexit sha1_base64="GOhh2xY5p/BAXJiKm7FWMN13TyM=">AAACHnicbVDNS8MwHE3n15xfVY9egkPwMEY7hnocePEkE9wXWylpmm5haVOSdDDL/hMPXvRP8SZe9S/xarr14DYfBB7v/b7yvJhRqSzr2yhsbG5t7xR3S3v7B4dH5vFJW/JEYNLCnHHR9ZAkjEakpahipBsLgkKPkY43vs38zoQISXn0qKYxcUI0jGhAMVJack2z59oV2HNrFThgPlfSNctW1ZoDrhM7J2WQo+maPwOf4yQkkcIMSdm3rVg5KRKKYkZmpUEiSYzwGA1JX9MIhUQ66fzyGbzQig8DLvSLFJyrfztSFEo5DT1dGSI1kqteJv7n9RMV3DgpjeJEkQgvFgUJg4rDLAboU0GwYlNNEBZU3wrxCAmElQ5raUs2O0ZPfOknqRfOdFL2ai7rpF2r2lfV+kO93LjPMyuCM3AOLoENrkED3IEmaAEMJuAZvII348V4Nz6Mz0Vpwch7TsESjK9f4l2iQg==</latexit>

Y1, Y2, . . .
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<latexit sha1_base64="qmRgJ+CiyMU0xWK0qgsPkRbRy2E=">AAACHnicbVDNS8MwHE3n15xfVY9egkPwMEY7hnocePEkE9xW2EpJ03QLS5uSpINZ9p948KJ/ijfxqn+JV9OtB7f5IPB47/eV5yeMSmVZ30ZpY3Nre6e8W9nbPzg8Mo9PupKnApMO5owLx0eSMBqTjqKKEScRBEU+Iz1/fJv7vQkRkvL4UU0T4kZoGNOQYqS05Jmm49k16HiNGhywgCvpmVWrbs0B14ldkCoo0PbMn0HAcRqRWGGGpOzbVqLcDAlFMSOzyiCVJEF4jIakr2mMIiLdbH75DF5oJYAhF/rFCs7Vvx0ZiqScRr6ujJAayVUvF//z+qkKb9yMxkmqSIwXi8KUQcVhHgMMqCBYsakmCAuqb4V4hATCSoe1tCWfnaAnvvSTzI9mOil7NZd10m3U7at686FZbd0XmZXBGTgHl8AG16AF7kAbdAAGE/AMXsGb8WK8Gx/G56K0ZBQ9p2AJxtcv3vKiQA==</latexit>

X1, X2, . . .
<latexit sha1_base64="GOhh2xY5p/BAXJiKm7FWMN13TyM=">AAACHnicbVDNS8MwHE3n15xfVY9egkPwMEY7hnocePEkE9wXWylpmm5haVOSdDDL/hMPXvRP8SZe9S/xarr14DYfBB7v/b7yvJhRqSzr2yhsbG5t7xR3S3v7B4dH5vFJW/JEYNLCnHHR9ZAkjEakpahipBsLgkKPkY43vs38zoQISXn0qKYxcUI0jGhAMVJack2z59oV2HNrFThgPlfSNctW1ZoDrhM7J2WQo+maPwOf4yQkkcIMSdm3rVg5KRKKYkZmpUEiSYzwGA1JX9MIhUQ66fzyGbzQig8DLvSLFJyrfztSFEo5DT1dGSI1kqteJv7n9RMV3DgpjeJEkQgvFgUJg4rDLAboU0GwYlNNEBZU3wrxCAmElQ5raUs2O0ZPfOknqRfOdFL2ai7rpF2r2lfV+kO93LjPMyuCM3AOLoENrkED3IEmaAEMJuAZvII348V4Nz6Mz0Vpwch7TsESjK9f4l2iQg==</latexit>

Y1, Y2, . . .
<latexit sha1_base64="XPluugCNTA4Z8PxjZdSTO9pxk6M=">AAACMXicbVDLSgMxFM3UV62vqks3wSIIhTIjRd0IBTeupIJ9QKeUTJppw2SSIckIdZgP8GtcuNFP6U7c+gFuzbSzsK0XAodzzr0393gRo0rb9tQqrK1vbG4Vt0s7u3v7B+XDo7YSscSkhQUTsushRRjlpKWpZqQbSYJCj5GOF9xmeueJSEUFf9STiPRDNOLUpxhpQw3KFddDEnYHAbyBri8RTroDp+qyodCqaug0CVLjsmv2rOAqcHJQAXk1B+UfdyhwHBKuMUNK9Rw70v0ESU0xI2nJjRWJEA7QiPQM5Cgkqp/MjknhmWGG0BfSPK7hjP3bkaBQqUnoGWeI9Fgtaxn5n9aLtX/dTyiPYk04ni/yYwa1gFkycEglwZpNDEBYUvNXiMfIRKJNfgtbstkRehYLlyRemCXlLOeyCtoXNeeyVn+oVxr3eWZFcAJOwTlwwBVogDvQBC2AwQt4Be/gw3qzptan9TW3Fqy85xgslPX9C+yGqpg=</latexit>

X̄k =
X1 + . . . + Xk

k

<latexit sha1_base64="v4sQQk5p/+VMPbHIpyTsPB3+1MI=">AAACMXicbVDLSsNAFJ3UV62vqks3g0UQCiWRom6EghtXUsG+aEqYTCbtkEkmzEyEGvIBfo0LN/op3YlbP8Ctk7YL23ph4HDOuffOPW7MqFSmOTEKa+sbm1vF7dLO7t7+QfnwqC15IjBpYc646LpIEkYj0lJUMdKNBUGhy0jHDW5zvfNEhKQ8elTjmAxCNIyoTzFSmnLKFdtFAvacAN5A2xcIpz3HqtrM40pWNZ2lQaZdZs2cFlwF1hxUwLyaTvnH9jhOQhIpzJCUfcuM1SBFQlHMSFayE0lihAM0JH0NIxQSOUinx2TwTDMe9LnQL1Jwyv7tSFEo5Th0tTNEaiSXtZz8T+snyr8epDSKE0UiPFvkJwwqDvNkoEcFwYqNNUBYUP1XiEdIR6J0fgtb8tkxeuYLl6RumCdlLeeyCtoXNeuyVn+oVxr388yK4AScgnNggSvQAHegCVoAgxfwCt7Bh/FmTIxP42tmLRjznmOwUMb3L/G1qps=</latexit>

Ȳk =
Y1 + . . . + Yk

k
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<latexit sha1_base64="qmRgJ+CiyMU0xWK0qgsPkRbRy2E=">AAACHnicbVDNS8MwHE3n15xfVY9egkPwMEY7hnocePEkE9xW2EpJ03QLS5uSpINZ9p948KJ/ijfxqn+JV9OtB7f5IPB47/eV5yeMSmVZ30ZpY3Nre6e8W9nbPzg8Mo9PupKnApMO5owLx0eSMBqTjqKKEScRBEU+Iz1/fJv7vQkRkvL4UU0T4kZoGNOQYqS05Jmm49k16HiNGhywgCvpmVWrbs0B14ldkCoo0PbMn0HAcRqRWGGGpOzbVqLcDAlFMSOzyiCVJEF4jIakr2mMIiLdbH75DF5oJYAhF/rFCs7Vvx0ZiqScRr6ujJAayVUvF//z+qkKb9yMxkmqSIwXi8KUQcVhHgMMqCBYsakmCAuqb4V4hATCSoe1tCWfnaAnvvSTzI9mOil7NZd10m3U7at686FZbd0XmZXBGTgHl8AG16AF7kAbdAAGE/AMXsGb8WK8Gx/G56K0ZBQ9p2AJxtcv3vKiQA==</latexit>

X1, X2, . . .
<latexit sha1_base64="GOhh2xY5p/BAXJiKm7FWMN13TyM=">AAACHnicbVDNS8MwHE3n15xfVY9egkPwMEY7hnocePEkE9wXWylpmm5haVOSdDDL/hMPXvRP8SZe9S/xarr14DYfBB7v/b7yvJhRqSzr2yhsbG5t7xR3S3v7B4dH5vFJW/JEYNLCnHHR9ZAkjEakpahipBsLgkKPkY43vs38zoQISXn0qKYxcUI0jGhAMVJack2z59oV2HNrFThgPlfSNctW1ZoDrhM7J2WQo+maPwOf4yQkkcIMSdm3rVg5KRKKYkZmpUEiSYzwGA1JX9MIhUQ66fzyGbzQig8DLvSLFJyrfztSFEo5DT1dGSI1kqteJv7n9RMV3DgpjeJEkQgvFgUJg4rDLAboU0GwYlNNEBZU3wrxCAmElQ5raUs2O0ZPfOknqRfOdFL2ai7rpF2r2lfV+kO93LjPMyuCM3AOLoENrkED3IEmaAEMJuAZvII348V4Nz6Mz0Vpwch7TsESjK9f4l2iQg==</latexit>

Y1, Y2, . . .
<latexit sha1_base64="XPluugCNTA4Z8PxjZdSTO9pxk6M=">AAACMXicbVDLSgMxFM3UV62vqks3wSIIhTIjRd0IBTeupIJ9QKeUTJppw2SSIckIdZgP8GtcuNFP6U7c+gFuzbSzsK0XAodzzr0393gRo0rb9tQqrK1vbG4Vt0s7u3v7B+XDo7YSscSkhQUTsushRRjlpKWpZqQbSYJCj5GOF9xmeueJSEUFf9STiPRDNOLUpxhpQw3KFddDEnYHAbyBri8RTroDp+qyodCqaug0CVLjsmv2rOAqcHJQAXk1B+UfdyhwHBKuMUNK9Rw70v0ESU0xI2nJjRWJEA7QiPQM5Cgkqp/MjknhmWGG0BfSPK7hjP3bkaBQqUnoGWeI9Fgtaxn5n9aLtX/dTyiPYk04ni/yYwa1gFkycEglwZpNDEBYUvNXiMfIRKJNfgtbstkRehYLlyRemCXlLOeyCtoXNeeyVn+oVxr3eWZFcAJOwTlwwBVogDvQBC2AwQt4Be/gw3qzptan9TW3Fqy85xgslPX9C+yGqpg=</latexit>

X̄k =
X1 + . . . + Xk

k

<latexit sha1_base64="v4sQQk5p/+VMPbHIpyTsPB3+1MI=">AAACMXicbVDLSsNAFJ3UV62vqks3g0UQCiWRom6EghtXUsG+aEqYTCbtkEkmzEyEGvIBfo0LN/op3YlbP8Ctk7YL23ph4HDOuffOPW7MqFSmOTEKa+sbm1vF7dLO7t7+QfnwqC15IjBpYc646LpIEkYj0lJUMdKNBUGhy0jHDW5zvfNEhKQ8elTjmAxCNIyoTzFSmnLKFdtFAvacAN5A2xcIpz3HqtrM40pWNZ2lQaZdZs2cFlwF1hxUwLyaTvnH9jhOQhIpzJCUfcuM1SBFQlHMSFayE0lihAM0JH0NIxQSOUinx2TwTDMe9LnQL1Jwyv7tSFEo5Th0tTNEaiSXtZz8T+snyr8epDSKE0UiPFvkJwwqDvNkoEcFwYqNNUBYUP1XiEdIR6J0fgtb8tkxeuYLl6RumCdlLeeyCtoXNeuyVn+oVxr388yK4AScgnNggSvQAHegCVoAgxfwCt7Bh/FmTIxP42tmLRjznmOwUMb3L/G1qps=</latexit>

Ȳk =
Y1 + . . . + Yk

k
<latexit sha1_base64="09W4zvVuNc5duZO78vK3qR2NC/I=">AAACH3icbVC7TsMwFHXKq5RXCiOLRYXEVCWoAsZKLEyoSLSN1ESR47qtVduJbAdUon4KAwt8Chti7Zew4rQZaMuRLB2dc6/vvSdKGFXacWZWaWNza3unvFvZ2z84PLKrxx0VpxKTNo5ZLL0IKcKoIG1NNSNeIgniESPdaHyb+90nIhWNxaOeJCTgaCjogGKkjRTaVT9CEnrh2Ncx9HkaeqFdc+rOHHCduAWpgQKt0P7x+zFOOREaM6RUz3USHWRIaooZmVb8VJEE4TEakp6hAnGigmy++hSeG6UPB7E0T2g4V/92ZIgrNeGRqeRIj9Sql4v/eb1UD26CjIok1UTgxaBByqA5M88B9qkkWLOJIQhLanaFeIQkwtqktTQl/ztBL/HSJVnEpyYpdzWXddK5rLtX9cZDo9a8LzIrg1NwBi6AC65BE9yBFmgDDJ7BK3gHH9ab9Wl9Wd+L0pJV9JyAJVizXyESo4Y=</latexit>

X̄k ! µX
<latexit sha1_base64="XNmlnb4bvr3PXCMv7luLTLQYb8U=">AAACH3icbVC7TsMwFHXKq5RXCiOLRYXEVCWoAsZKLEyoSPSlJooc122t2nFkO6AS9VMYWOBT2BBrv4QVp81AW45k6eice33vPWHMqNKOM7MKG5tb2zvF3dLe/sHhkV0+bimRSEyaWDAhOyFShNGINDXVjHRiSRAPGWmH49vMbz8RqaiIHvUkJj5Hw4gOKEbaSIFd9kIkYTcYe1pAjydBN7ArTtWZA64TNycVkKMR2D9eX+CEk0hjhpTquU6s/RRJTTEj05KXKBIjPEZD0jM0QpwoP52vPoXnRunDgZDmRRrO1b8dKeJKTXhoKjnSI7XqZeJ/Xi/Rgxs/pVGcaBLhxaBBwqA5M8sB9qkkWLOJIQhLanaFeIQkwtqktTQl+ztGL2LpkjTkU5OUu5rLOmldVt2rau2hVqnf55kVwSk4AxfABdegDu5AAzQBBs/gFbyDD+vN+rS+rO9FacHKe07AEqzZLyRvo4g=</latexit>

Ȳk ! µY(averages converge to mean)
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<latexit sha1_base64="qmRgJ+CiyMU0xWK0qgsPkRbRy2E=">AAACHnicbVDNS8MwHE3n15xfVY9egkPwMEY7hnocePEkE9xW2EpJ03QLS5uSpINZ9p948KJ/ijfxqn+JV9OtB7f5IPB47/eV5yeMSmVZ30ZpY3Nre6e8W9nbPzg8Mo9PupKnApMO5owLx0eSMBqTjqKKEScRBEU+Iz1/fJv7vQkRkvL4UU0T4kZoGNOQYqS05Jmm49k16HiNGhywgCvpmVWrbs0B14ldkCoo0PbMn0HAcRqRWGGGpOzbVqLcDAlFMSOzyiCVJEF4jIakr2mMIiLdbH75DF5oJYAhF/rFCs7Vvx0ZiqScRr6ujJAayVUvF//z+qkKb9yMxkmqSIwXi8KUQcVhHgMMqCBYsakmCAuqb4V4hATCSoe1tCWfnaAnvvSTzI9mOil7NZd10m3U7at686FZbd0XmZXBGTgHl8AG16AF7kAbdAAGE/AMXsGb8WK8Gx/G56K0ZBQ9p2AJxtcv3vKiQA==</latexit>

X1, X2, . . .
<latexit sha1_base64="GOhh2xY5p/BAXJiKm7FWMN13TyM=">AAACHnicbVDNS8MwHE3n15xfVY9egkPwMEY7hnocePEkE9wXWylpmm5haVOSdDDL/hMPXvRP8SZe9S/xarr14DYfBB7v/b7yvJhRqSzr2yhsbG5t7xR3S3v7B4dH5vFJW/JEYNLCnHHR9ZAkjEakpahipBsLgkKPkY43vs38zoQISXn0qKYxcUI0jGhAMVJack2z59oV2HNrFThgPlfSNctW1ZoDrhM7J2WQo+maPwOf4yQkkcIMSdm3rVg5KRKKYkZmpUEiSYzwGA1JX9MIhUQ66fzyGbzQig8DLvSLFJyrfztSFEo5DT1dGSI1kqteJv7n9RMV3DgpjeJEkQgvFgUJg4rDLAboU0GwYlNNEBZU3wrxCAmElQ5raUs2O0ZPfOknqRfOdFL2ai7rpF2r2lfV+kO93LjPMyuCM3AOLoENrkED3IEmaAEMJuAZvII348V4Nz6Mz0Vpwch7TsESjK9f4l2iQg==</latexit>

Y1, Y2, . . .
<latexit sha1_base64="XPluugCNTA4Z8PxjZdSTO9pxk6M=">AAACMXicbVDLSgMxFM3UV62vqks3wSIIhTIjRd0IBTeupIJ9QKeUTJppw2SSIckIdZgP8GtcuNFP6U7c+gFuzbSzsK0XAodzzr0393gRo0rb9tQqrK1vbG4Vt0s7u3v7B+XDo7YSscSkhQUTsushRRjlpKWpZqQbSYJCj5GOF9xmeueJSEUFf9STiPRDNOLUpxhpQw3KFddDEnYHAbyBri8RTroDp+qyodCqaug0CVLjsmv2rOAqcHJQAXk1B+UfdyhwHBKuMUNK9Rw70v0ESU0xI2nJjRWJEA7QiPQM5Cgkqp/MjknhmWGG0BfSPK7hjP3bkaBQqUnoGWeI9Fgtaxn5n9aLtX/dTyiPYk04ni/yYwa1gFkycEglwZpNDEBYUvNXiMfIRKJNfgtbstkRehYLlyRemCXlLOeyCtoXNeeyVn+oVxr3eWZFcAJOwTlwwBVogDvQBC2AwQt4Be/gw3qzptan9TW3Fqy85xgslPX9C+yGqpg=</latexit>

X̄k =
X1 + . . . + Xk

k

<latexit sha1_base64="v4sQQk5p/+VMPbHIpyTsPB3+1MI=">AAACMXicbVDLSsNAFJ3UV62vqks3g0UQCiWRom6EghtXUsG+aEqYTCbtkEkmzEyEGvIBfo0LN/op3YlbP8Ctk7YL23ph4HDOuffOPW7MqFSmOTEKa+sbm1vF7dLO7t7+QfnwqC15IjBpYc646LpIEkYj0lJUMdKNBUGhy0jHDW5zvfNEhKQ8elTjmAxCNIyoTzFSmnLKFdtFAvacAN5A2xcIpz3HqtrM40pWNZ2lQaZdZs2cFlwF1hxUwLyaTvnH9jhOQhIpzJCUfcuM1SBFQlHMSFayE0lihAM0JH0NIxQSOUinx2TwTDMe9LnQL1Jwyv7tSFEo5Th0tTNEaiSXtZz8T+snyr8epDSKE0UiPFvkJwwqDvNkoEcFwYqNNUBYUP1XiEdIR6J0fgtb8tkxeuYLl6RumCdlLeeyCtoXNeuyVn+oVxr388yK4AScgnNggSvQAHegCVoAgxfwCt7Bh/FmTIxP42tmLRjznmOwUMb3L/G1qps=</latexit>

Ȳk =
Y1 + . . . + Yk

k
<latexit sha1_base64="09W4zvVuNc5duZO78vK3qR2NC/I=">AAACH3icbVC7TsMwFHXKq5RXCiOLRYXEVCWoAsZKLEyoSLSN1ESR47qtVduJbAdUon4KAwt8Chti7Zew4rQZaMuRLB2dc6/vvSdKGFXacWZWaWNza3unvFvZ2z84PLKrxx0VpxKTNo5ZLL0IKcKoIG1NNSNeIgniESPdaHyb+90nIhWNxaOeJCTgaCjogGKkjRTaVT9CEnrh2Ncx9HkaeqFdc+rOHHCduAWpgQKt0P7x+zFOOREaM6RUz3USHWRIaooZmVb8VJEE4TEakp6hAnGigmy++hSeG6UPB7E0T2g4V/92ZIgrNeGRqeRIj9Sql4v/eb1UD26CjIok1UTgxaBByqA5M88B9qkkWLOJIQhLanaFeIQkwtqktTQl/ztBL/HSJVnEpyYpdzWXddK5rLtX9cZDo9a8LzIrg1NwBi6AC65BE9yBFmgDDJ7BK3gHH9ab9Wl9Wd+L0pJV9JyAJVizXyESo4Y=</latexit>

X̄k ! µX
<latexit sha1_base64="XNmlnb4bvr3PXCMv7luLTLQYb8U=">AAACH3icbVC7TsMwFHXKq5RXCiOLRYXEVCWoAsZKLEyoSPSlJooc122t2nFkO6AS9VMYWOBT2BBrv4QVp81AW45k6eice33vPWHMqNKOM7MKG5tb2zvF3dLe/sHhkV0+bimRSEyaWDAhOyFShNGINDXVjHRiSRAPGWmH49vMbz8RqaiIHvUkJj5Hw4gOKEbaSIFd9kIkYTcYe1pAjydBN7ArTtWZA64TNycVkKMR2D9eX+CEk0hjhpTquU6s/RRJTTEj05KXKBIjPEZD0jM0QpwoP52vPoXnRunDgZDmRRrO1b8dKeJKTXhoKjnSI7XqZeJ/Xi/Rgxs/pVGcaBLhxaBBwqA5M8sB9qkkWLOJIQhLanaFeIQkwtqktTQl+ztGL2LpkjTkU5OUu5rLOmldVt2rau2hVqnf55kVwSk4AxfABdegDu5AAzQBBs/gFbyDD+vN+rS+rO9FacHKe07AEqzZLyRvo4g=</latexit>

Ȳk ! µY(averages converge to mean)

(squared deviations 
converge to variance)

<latexit sha1_base64="/rD44W/nmmpyeaYC1h6c9LKuE0g="></latexit>

(Xk � X̄k)2 ! s2
X

<latexit sha1_base64="wgSzfAmGGdbWRbBNAIc1H+0oKHU="></latexit>

(Yk � Ȳk)2 ! s2
Y
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<latexit sha1_base64="qmRgJ+CiyMU0xWK0qgsPkRbRy2E=">AAACHnicbVDNS8MwHE3n15xfVY9egkPwMEY7hnocePEkE9xW2EpJ03QLS5uSpINZ9p948KJ/ijfxqn+JV9OtB7f5IPB47/eV5yeMSmVZ30ZpY3Nre6e8W9nbPzg8Mo9PupKnApMO5owLx0eSMBqTjqKKEScRBEU+Iz1/fJv7vQkRkvL4UU0T4kZoGNOQYqS05Jmm49k16HiNGhywgCvpmVWrbs0B14ldkCoo0PbMn0HAcRqRWGGGpOzbVqLcDAlFMSOzyiCVJEF4jIakr2mMIiLdbH75DF5oJYAhF/rFCs7Vvx0ZiqScRr6ujJAayVUvF//z+qkKb9yMxkmqSIwXi8KUQcVhHgMMqCBYsakmCAuqb4V4hATCSoe1tCWfnaAnvvSTzI9mOil7NZd10m3U7at686FZbd0XmZXBGTgHl8AG16AF7kAbdAAGE/AMXsGb8WK8Gx/G56K0ZBQ9p2AJxtcv3vKiQA==</latexit>

X1, X2, . . .
<latexit sha1_base64="GOhh2xY5p/BAXJiKm7FWMN13TyM=">AAACHnicbVDNS8MwHE3n15xfVY9egkPwMEY7hnocePEkE9wXWylpmm5haVOSdDDL/hMPXvRP8SZe9S/xarr14DYfBB7v/b7yvJhRqSzr2yhsbG5t7xR3S3v7B4dH5vFJW/JEYNLCnHHR9ZAkjEakpahipBsLgkKPkY43vs38zoQISXn0qKYxcUI0jGhAMVJack2z59oV2HNrFThgPlfSNctW1ZoDrhM7J2WQo+maPwOf4yQkkcIMSdm3rVg5KRKKYkZmpUEiSYzwGA1JX9MIhUQ66fzyGbzQig8DLvSLFJyrfztSFEo5DT1dGSI1kqteJv7n9RMV3DgpjeJEkQgvFgUJg4rDLAboU0GwYlNNEBZU3wrxCAmElQ5raUs2O0ZPfOknqRfOdFL2ai7rpF2r2lfV+kO93LjPMyuCM3AOLoENrkED3IEmaAEMJuAZvII348V4Nz6Mz0Vpwch7TsESjK9f4l2iQg==</latexit>

Y1, Y2, . . .
<latexit sha1_base64="XPluugCNTA4Z8PxjZdSTO9pxk6M=">AAACMXicbVDLSgMxFM3UV62vqks3wSIIhTIjRd0IBTeupIJ9QKeUTJppw2SSIckIdZgP8GtcuNFP6U7c+gFuzbSzsK0XAodzzr0393gRo0rb9tQqrK1vbG4Vt0s7u3v7B+XDo7YSscSkhQUTsushRRjlpKWpZqQbSYJCj5GOF9xmeueJSEUFf9STiPRDNOLUpxhpQw3KFddDEnYHAbyBri8RTroDp+qyodCqaug0CVLjsmv2rOAqcHJQAXk1B+UfdyhwHBKuMUNK9Rw70v0ESU0xI2nJjRWJEA7QiPQM5Cgkqp/MjknhmWGG0BfSPK7hjP3bkaBQqUnoGWeI9Fgtaxn5n9aLtX/dTyiPYk04ni/yYwa1gFkycEglwZpNDEBYUvNXiMfIRKJNfgtbstkRehYLlyRemCXlLOeyCtoXNeeyVn+oVxr3eWZFcAJOwTlwwBVogDvQBC2AwQt4Be/gw3qzptan9TW3Fqy85xgslPX9C+yGqpg=</latexit>

X̄k =
X1 + . . . + Xk

k

<latexit sha1_base64="v4sQQk5p/+VMPbHIpyTsPB3+1MI=">AAACMXicbVDLSsNAFJ3UV62vqks3g0UQCiWRom6EghtXUsG+aEqYTCbtkEkmzEyEGvIBfo0LN/op3YlbP8Ctk7YL23ph4HDOuffOPW7MqFSmOTEKa+sbm1vF7dLO7t7+QfnwqC15IjBpYc646LpIEkYj0lJUMdKNBUGhy0jHDW5zvfNEhKQ8elTjmAxCNIyoTzFSmnLKFdtFAvacAN5A2xcIpz3HqtrM40pWNZ2lQaZdZs2cFlwF1hxUwLyaTvnH9jhOQhIpzJCUfcuM1SBFQlHMSFayE0lihAM0JH0NIxQSOUinx2TwTDMe9LnQL1Jwyv7tSFEo5Th0tTNEaiSXtZz8T+snyr8epDSKE0UiPFvkJwwqDvNkoEcFwYqNNUBYUP1XiEdIR6J0fgtb8tkxeuYLl6RumCdlLeeyCtoXNeuyVn+oVxr388yK4AScgnNggSvQAHegCVoAgxfwCt7Bh/FmTIxP42tmLRjznmOwUMb3L/G1qps=</latexit>

Ȳk =
Y1 + . . . + Yk

k
<latexit sha1_base64="09W4zvVuNc5duZO78vK3qR2NC/I=">AAACH3icbVC7TsMwFHXKq5RXCiOLRYXEVCWoAsZKLEyoSLSN1ESR47qtVduJbAdUon4KAwt8Chti7Zew4rQZaMuRLB2dc6/vvSdKGFXacWZWaWNza3unvFvZ2z84PLKrxx0VpxKTNo5ZLL0IKcKoIG1NNSNeIgniESPdaHyb+90nIhWNxaOeJCTgaCjogGKkjRTaVT9CEnrh2Ncx9HkaeqFdc+rOHHCduAWpgQKt0P7x+zFOOREaM6RUz3USHWRIaooZmVb8VJEE4TEakp6hAnGigmy++hSeG6UPB7E0T2g4V/92ZIgrNeGRqeRIj9Sql4v/eb1UD26CjIok1UTgxaBByqA5M88B9qkkWLOJIQhLanaFeIQkwtqktTQl/ztBL/HSJVnEpyYpdzWXddK5rLtX9cZDo9a8LzIrg1NwBi6AC65BE9yBFmgDDJ7BK3gHH9ab9Wl9Wd+L0pJV9JyAJVizXyESo4Y=</latexit>

X̄k ! µX
<latexit sha1_base64="XNmlnb4bvr3PXCMv7luLTLQYb8U=">AAACH3icbVC7TsMwFHXKq5RXCiOLRYXEVCWoAsZKLEyoSPSlJooc122t2nFkO6AS9VMYWOBT2BBrv4QVp81AW45k6eice33vPWHMqNKOM7MKG5tb2zvF3dLe/sHhkV0+bimRSEyaWDAhOyFShNGINDXVjHRiSRAPGWmH49vMbz8RqaiIHvUkJj5Hw4gOKEbaSIFd9kIkYTcYe1pAjydBN7ArTtWZA64TNycVkKMR2D9eX+CEk0hjhpTquU6s/RRJTTEj05KXKBIjPEZD0jM0QpwoP52vPoXnRunDgZDmRRrO1b8dKeJKTXhoKjnSI7XqZeJ/Xi/Rgxs/pVGcaBLhxaBBwqA5M8sB9qkkWLOJIQhLanaFeIQkwtqktTQl+ztGL2LpkjTkU5OUu5rLOmldVt2rau2hVqnf55kVwSk4AxfABdegDu5AAzQBBs/gFbyDD+vN+rS+rO9FacHKe07AEqzZLyRvo4g=</latexit>

Ȳk ! µY(averages converge to mean)

(squared deviations 
converge to variance)

<latexit sha1_base64="/rD44W/nmmpyeaYC1h6c9LKuE0g="></latexit>

(Xk � X̄k)2 ! s2
X

<latexit sha1_base64="wgSzfAmGGdbWRbBNAIc1H+0oKHU="></latexit>

(Yk � Ȳk)2 ! s2
Y
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<latexit sha1_base64="qmRgJ+CiyMU0xWK0qgsPkRbRy2E=">AAACHnicbVDNS8MwHE3n15xfVY9egkPwMEY7hnocePEkE9xW2EpJ03QLS5uSpINZ9p948KJ/ijfxqn+JV9OtB7f5IPB47/eV5yeMSmVZ30ZpY3Nre6e8W9nbPzg8Mo9PupKnApMO5owLx0eSMBqTjqKKEScRBEU+Iz1/fJv7vQkRkvL4UU0T4kZoGNOQYqS05Jmm49k16HiNGhywgCvpmVWrbs0B14ldkCoo0PbMn0HAcRqRWGGGpOzbVqLcDAlFMSOzyiCVJEF4jIakr2mMIiLdbH75DF5oJYAhF/rFCs7Vvx0ZiqScRr6ujJAayVUvF//z+qkKb9yMxkmqSIwXi8KUQcVhHgMMqCBYsakmCAuqb4V4hATCSoe1tCWfnaAnvvSTzI9mOil7NZd10m3U7at686FZbd0XmZXBGTgHl8AG16AF7kAbdAAGE/AMXsGb8WK8Gx/G56K0ZBQ9p2AJxtcv3vKiQA==</latexit>

X1, X2, . . .
<latexit sha1_base64="GOhh2xY5p/BAXJiKm7FWMN13TyM=">AAACHnicbVDNS8MwHE3n15xfVY9egkPwMEY7hnocePEkE9wXWylpmm5haVOSdDDL/hMPXvRP8SZe9S/xarr14DYfBB7v/b7yvJhRqSzr2yhsbG5t7xR3S3v7B4dH5vFJW/JEYNLCnHHR9ZAkjEakpahipBsLgkKPkY43vs38zoQISXn0qKYxcUI0jGhAMVJack2z59oV2HNrFThgPlfSNctW1ZoDrhM7J2WQo+maPwOf4yQkkcIMSdm3rVg5KRKKYkZmpUEiSYzwGA1JX9MIhUQ66fzyGbzQig8DLvSLFJyrfztSFEo5DT1dGSI1kqteJv7n9RMV3DgpjeJEkQgvFgUJg4rDLAboU0GwYlNNEBZU3wrxCAmElQ5raUs2O0ZPfOknqRfOdFL2ai7rpF2r2lfV+kO93LjPMyuCM3AOLoENrkED3IEmaAEMJuAZvII348V4Nz6Mz0Vpwch7TsESjK9f4l2iQg==</latexit>

Y1, Y2, . . .
<latexit sha1_base64="XPluugCNTA4Z8PxjZdSTO9pxk6M=">AAACMXicbVDLSgMxFM3UV62vqks3wSIIhTIjRd0IBTeupIJ9QKeUTJppw2SSIckIdZgP8GtcuNFP6U7c+gFuzbSzsK0XAodzzr0393gRo0rb9tQqrK1vbG4Vt0s7u3v7B+XDo7YSscSkhQUTsushRRjlpKWpZqQbSYJCj5GOF9xmeueJSEUFf9STiPRDNOLUpxhpQw3KFddDEnYHAbyBri8RTroDp+qyodCqaug0CVLjsmv2rOAqcHJQAXk1B+UfdyhwHBKuMUNK9Rw70v0ESU0xI2nJjRWJEA7QiPQM5Cgkqp/MjknhmWGG0BfSPK7hjP3bkaBQqUnoGWeI9Fgtaxn5n9aLtX/dTyiPYk04ni/yYwa1gFkycEglwZpNDEBYUvNXiMfIRKJNfgtbstkRehYLlyRemCXlLOeyCtoXNeeyVn+oVxr3eWZFcAJOwTlwwBVogDvQBC2AwQt4Be/gw3qzptan9TW3Fqy85xgslPX9C+yGqpg=</latexit>

X̄k =
X1 + . . . + Xk

k

<latexit sha1_base64="v4sQQk5p/+VMPbHIpyTsPB3+1MI=">AAACMXicbVDLSsNAFJ3UV62vqks3g0UQCiWRom6EghtXUsG+aEqYTCbtkEkmzEyEGvIBfo0LN/op3YlbP8Ctk7YL23ph4HDOuffOPW7MqFSmOTEKa+sbm1vF7dLO7t7+QfnwqC15IjBpYc646LpIEkYj0lJUMdKNBUGhy0jHDW5zvfNEhKQ8elTjmAxCNIyoTzFSmnLKFdtFAvacAN5A2xcIpz3HqtrM40pWNZ2lQaZdZs2cFlwF1hxUwLyaTvnH9jhOQhIpzJCUfcuM1SBFQlHMSFayE0lihAM0JH0NIxQSOUinx2TwTDMe9LnQL1Jwyv7tSFEo5Th0tTNEaiSXtZz8T+snyr8epDSKE0UiPFvkJwwqDvNkoEcFwYqNNUBYUP1XiEdIR6J0fgtb8tkxeuYLl6RumCdlLeeyCtoXNeuyVn+oVxr388yK4AScgnNggSvQAHegCVoAgxfwCt7Bh/FmTIxP42tmLRjznmOwUMb3L/G1qps=</latexit>

Ȳk =
Y1 + . . . + Yk

k
<latexit sha1_base64="09W4zvVuNc5duZO78vK3qR2NC/I=">AAACH3icbVC7TsMwFHXKq5RXCiOLRYXEVCWoAsZKLEyoSLSN1ESR47qtVduJbAdUon4KAwt8Chti7Zew4rQZaMuRLB2dc6/vvSdKGFXacWZWaWNza3unvFvZ2z84PLKrxx0VpxKTNo5ZLL0IKcKoIG1NNSNeIgniESPdaHyb+90nIhWNxaOeJCTgaCjogGKkjRTaVT9CEnrh2Ncx9HkaeqFdc+rOHHCduAWpgQKt0P7x+zFOOREaM6RUz3USHWRIaooZmVb8VJEE4TEakp6hAnGigmy++hSeG6UPB7E0T2g4V/92ZIgrNeGRqeRIj9Sql4v/eb1UD26CjIok1UTgxaBByqA5M88B9qkkWLOJIQhLanaFeIQkwtqktTQl/ztBL/HSJVnEpyYpdzWXddK5rLtX9cZDo9a8LzIrg1NwBi6AC65BE9yBFmgDDJ7BK3gHH9ab9Wl9Wd+L0pJV9JyAJVizXyESo4Y=</latexit>

X̄k ! µX
<latexit sha1_base64="XNmlnb4bvr3PXCMv7luLTLQYb8U=">AAACH3icbVC7TsMwFHXKq5RXCiOLRYXEVCWoAsZKLEyoSPSlJooc122t2nFkO6AS9VMYWOBT2BBrv4QVp81AW45k6eice33vPWHMqNKOM7MKG5tb2zvF3dLe/sHhkV0+bimRSEyaWDAhOyFShNGINDXVjHRiSRAPGWmH49vMbz8RqaiIHvUkJj5Hw4gOKEbaSIFd9kIkYTcYe1pAjydBN7ArTtWZA64TNycVkKMR2D9eX+CEk0hjhpTquU6s/RRJTTEj05KXKBIjPEZD0jM0QpwoP52vPoXnRunDgZDmRRrO1b8dKeJKTXhoKjnSI7XqZeJ/Xi/Rgxs/pVGcaBLhxaBBwqA5M8sB9qkkWLOJIQhLanaFeIQkwtqktTQl+ztGL2LpkjTkU5OUu5rLOmldVt2rau2hVqnf55kVwSk4AxfABdegDu5AAzQBBs/gFbyDD+vN+rS+rO9FacHKe07AEqzZLyRvo4g=</latexit>

Ȳk ! µY

<latexit sha1_base64="09W4zvVuNc5duZO78vK3qR2NC/I=">AAACH3icbVC7TsMwFHXKq5RXCiOLRYXEVCWoAsZKLEyoSLSN1ESR47qtVduJbAdUon4KAwt8Chti7Zew4rQZaMuRLB2dc6/vvSdKGFXacWZWaWNza3unvFvZ2z84PLKrxx0VpxKTNo5ZLL0IKcKoIG1NNSNeIgniESPdaHyb+90nIhWNxaOeJCTgaCjogGKkjRTaVT9CEnrh2Ncx9HkaeqFdc+rOHHCduAWpgQKt0P7x+zFOOREaM6RUz3USHWRIaooZmVb8VJEE4TEakp6hAnGigmy++hSeG6UPB7E0T2g4V/92ZIgrNeGRqeRIj9Sql4v/eb1UD26CjIok1UTgxaBByqA5M88B9qkkWLOJIQhLanaFeIQkwtqktTQl/ztBL/HSJVnEpyYpdzWXddK5rLtX9cZDo9a8LzIrg1NwBi6AC65BE9yBFmgDDJ7BK3gHH9ab9Wl9Wd+L0pJV9JyAJVizXyESo4Y=</latexit>

X̄k ! µX
<latexit sha1_base64="XNmlnb4bvr3PXCMv7luLTLQYb8U=">AAACH3icbVC7TsMwFHXKq5RXCiOLRYXEVCWoAsZKLEyoSPSlJooc122t2nFkO6AS9VMYWOBT2BBrv4QVp81AW45k6eice33vPWHMqNKOM7MKG5tb2zvF3dLe/sHhkV0+bimRSEyaWDAhOyFShNGINDXVjHRiSRAPGWmH49vMbz8RqaiIHvUkJj5Hw4gOKEbaSIFd9kIkYTcYe1pAjydBN7ArTtWZA64TNycVkKMR2D9eX+CEk0hjhpTquU6s/RRJTTEj05KXKBIjPEZD0jM0QpwoP52vPoXnRunDgZDmRRrO1b8dKeJKTXhoKjnSI7XqZeJ/Xi/Rgxs/pVGcaBLhxaBBwqA5M8sB9qkkWLOJIQhLanaFeIQkwtqktTQl+ztGL2LpkjTkU5OUu5rLOmldVt2rau2hVqnf55kVwSk4AxfABdegDu5AAzQBBs/gFbyDD+vN+rS+rO9FacHKe07AEqzZLyRvo4g=</latexit>

Ȳk ! µY

<latexit sha1_base64="aQ11NK7CI94N64u7NjSE5nO687E=">AAACFHicbVBNTwIxEJ3FL8Qv1KOXRmLiiewaoh5JvHgymAhsAhvSLQUa2u6m7Zrghj/hwYv+FG/Gq3d/iVe7sAcBX9Lk5b2ZzswLY860cd1vp7C2vrG5Vdwu7ezu7R+UD49aOkoUoU0S8Uj5IdaUM0mbhhlO/VhRLEJO2+H4JvPbj1RpFskHM4lpIPBQsgEj2FjJ72o2FLjn98oVt+rOgFaJl5MK5Gj0yj/dfkQSQaUhHGvd8dzYBClWhhFOp6VuommMyRgPacdSiQXVQTrbd4rOrNJHg0jZJw2aqX87Uiy0nojQVgpsRnrZy8T/vE5iBtdBymScGCrJfNAg4chEKDse9ZmixPCJJZgoZndFZIQVJsZGtDAl+zvGT9HCJWkopjYpbzmXVdK6qHqX1dp9rVK/yzMrwgmcwjl4cAV1uIUGNIEAh2d4hTfnxXl3PpzPeWnByXuOYQHO1y8w05/4</latexit>sX
<latexit sha1_base64="tLEqgarYEl6GIM2Hu/3yfMH84e8=">AAACFHicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuCG1dSwT6kHUomzbShyWRIMkId+hMu3OinuBO37v0St2baWdjWA4HDOffm3nuCmDNtXPfbKaysrq1vFDdLW9s7u3vl/YOmlokitEEkl6odYE05i2jDMMNpO1YUi4DTVjC6zvzWI1WayejejGPqCzyIWMgINlZqdzUbCNx76JUrbtWdAi0TLycVyFHvlX+6fUkSQSNDONa647mx8VOsDCOcTkrdRNMYkxEe0I6lERZU++l03wk6sUofhVLZFxk0Vf92pFhoPRaBrRTYDPWil4n/eZ3EhFd+yqI4MTQis0FhwpGRKDse9ZmixPCxJZgoZndFZIgVJsZGNDcl+zvGT3LukjQQE5uUt5jLMmmeVb2L6vndeaV2m2dWhCM4hlPw4BJqcAN1aAABDs/wCm/Oi/PufDifs9KCk/ccwhycr18yfJ/5</latexit>sY

(averages converge to mean)

(squared deviations 
converge to variance)

<latexit sha1_base64="/rD44W/nmmpyeaYC1h6c9LKuE0g="></latexit>

(Xk � X̄k)2 ! s2
X

<latexit sha1_base64="wgSzfAmGGdbWRbBNAIc1H+0oKHU="></latexit>

(Yk � Ȳk)2 ! s2
Y
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<latexit sha1_base64="Ef4MU8z1L9TeC+Un2UR6xgot4HE="></latexit>
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1. Age
2. Hardness
3. Smell intensity

5. Amount of mold
6. Average color (RGB)

MidJourney: Board with cheese selection, white background.

4. Taste intensity

Intuitively, collecting data will reveal that some fields have an 
approximately linear relationship (they are correlated), e.g.: 


- Very old cheeses have a strong taste and are smelly.


- Blue cheeses are generally blue because of mold.


Other axes will show no correlation in plots.

7. Average number of sun spots during maturation
8. Temperature on the back side of the moon

Correlations in multidimensional data
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Cov(X, Y) = E [(X � E[X])(Y � E[Y])]Definition:
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Cov(X, Y) = E [(X � E[X])(Y � E[Y])]

<latexit sha1_base64="DpYxl/jy4JOEDlT1BiLcmOmyqBQ="></latexit>

(Xk � X̄)(Yk � Ȳ) ! Cov(X, Y) (k ! •)Estimator:

Definition:
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Covariance: in 2 dimensions
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<latexit sha1_base64="DX0cHKUgoIEeccGy3x4sScTFGYw="></latexit>

Cov(X, Y) = E [(X � E[X])(Y � E[Y])]

<latexit sha1_base64="DpYxl/jy4JOEDlT1BiLcmOmyqBQ="></latexit>

(Xk � X̄)(Yk � Ȳ) ! Cov(X, Y) (k ! •)Estimator:

Definition:

<latexit sha1_base64="eL5mrHbJGwDKhxJYH5LEcOOXoBo="></latexit>

X

<latexit sha1_base64="Ef4MU8z1L9TeC+Un2UR6xgot4HE="></latexit>

Y
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Covariance: in 2 dimensions

36

<latexit sha1_base64="DX0cHKUgoIEeccGy3x4sScTFGYw="></latexit>

Cov(X, Y) = E [(X � E[X])(Y � E[Y])]

<latexit sha1_base64="DpYxl/jy4JOEDlT1BiLcmOmyqBQ="></latexit>

(Xk � X̄)(Yk � Ȳ) ! Cov(X, Y) (k ! •)Estimator:

Definition:

<latexit sha1_base64="eL5mrHbJGwDKhxJYH5LEcOOXoBo="></latexit>

X

<latexit sha1_base64="Ef4MU8z1L9TeC+Un2UR6xgot4HE="></latexit>

Y

<latexit sha1_base64="w5mfw4o21jtA4F9Uz6LdYLdr9AY=">AAACGnicbVA5SwNBGJ2NV4xX1NJmMAhWYVeCWkkgjZVEMAcka5idzCZD5lhmZgNxyf+wsNGfYie2Nv4SW2eTLUzig4HH+643L4gY1cZ1v53c2vrG5lZ+u7Czu7d/UDw8amoZK0waWDKp2gHShFFBGoYaRtqRIogHjLSCUS2tt8ZEaSrFg5lExOdoIGhIMTJWeuxyZIaKJzU5nt64vWLJLbszwFXiZaQEMtR7xZ9uX+KYE2EwQ1p3PDcyfoKUoZiRaaEbaxIhPEID0rFUIE60n8xcT+GZVfowlMo+YeBM/TuRIK71hAe2M3Wpl2up+F+tE5vw2k+oiGJDBJ4fCmMGjYRpBLBPFcGGTSxBWFHrFeIhUggbG9TClXR3hJ7kwk+SgE9tUt5yLqukeVH2LsuV+0qpepdllgcn4BScAw9cgSq4BXXQABgo8AxewZvz4rw7H87nvDXnZDPHYAHO1y/+zKKD</latexit>

Cov > 0
<latexit sha1_base64="oGqxNJjrFoR8KoOqKY1TsREZs+o=">AAACI3icbVBLSwMxGMzWV62vVfHkJVgET2VXinos9OJJKtgHtEvJpmkbmmxCki3WpT/Ggxf9Kd7Eiwd/h1ez7R5s60BgmO81mVAyqo3nfTm5tfWNza38dmFnd2//wD08amgRK0zqWDChWiHShNGI1A01jLSkIoiHjDTDUTWtN8dEaSqiBzORJOBoENE+xchYqeuedDgyQ8WTqhhPO0hKJR6h13WLXsmbAa4SPyNFkKHWdX86PYFjTiKDGdK67XvSBAlShmJGpoVOrIlEeIQGpG1phDjRQTKzP4XnVunBvlD2RQbO1L8TCeJaT3hoO1OzermWiv/V2rHp3wQJjWRsSITnh/oxg0bANAvYo4pgwyaWIKyo9QrxECmEjU1s4Uq6W6InsfCTJORTm5S/nMsqaVyW/KtS+b5crNxlmeXBKTgDF8AH16ACbkEN1AEGCXgGr+DNeXHenQ/nc96ac7KZY7AA5/sXajel0g==</latexit>

Cov ⇡ 0
<latexit sha1_base64="S2MPfvaQa8aPvfTxKN8yWNWdJv8=">AAACHXicbVDNS8MwHE3n15wfq3r0EhyCp9HKUA8eBrt4kgnuA7Yy0izdwpKmJOlglv4lHrzon+JNvIp/iVfTrQe3+SDweL+vl+dHjCrtON9WYWNza3unuFva2z84LNtHx20lYolJCwsmZNdHijAakpammpFuJAniPiMdf9LI6p0pkYqK8FHPIuJxNAppQDHSRhrY5T5Heix50hDT9BY6A7viVJ054Dpxc1IBOZoD+6c/FDjmJNSYIaV6rhNpL0FSU8xIWurHikQIT9CI9AwNESfKS+bGU3hulCEMhDQv1HCu/p1IEFdqxn3TmdlUq7VM/K/Wi3Vw4yU0jGJNQrw4FMQMagGzFOCQSoI1mxmCsKTGK8RjJBHWJqulK9nuCD2JpZ8kPk9NUu5qLuukfVl1r6q1h1qlfp9nVgSn4AxcABdcgzq4A03QAhjE4Bm8gjfrxXq3PqzPRWvBymdOwBKsr1/XW6Lc</latexit>

Cov < 0
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Covariance: in 2 dimensions

36

<latexit sha1_base64="DX0cHKUgoIEeccGy3x4sScTFGYw="></latexit>

Cov(X, Y) = E [(X � E[X])(Y � E[Y])]

<latexit sha1_base64="DpYxl/jy4JOEDlT1BiLcmOmyqBQ="></latexit>

(Xk � X̄)(Yk � Ȳ) ! Cov(X, Y) (k ! •)Estimator:

Definition:

<latexit sha1_base64="eL5mrHbJGwDKhxJYH5LEcOOXoBo="></latexit>

X

<latexit sha1_base64="w5mfw4o21jtA4F9Uz6LdYLdr9AY=">AAACGnicbVA5SwNBGJ2NV4xX1NJmMAhWYVeCWkkgjZVEMAcka5idzCZD5lhmZgNxyf+wsNGfYie2Nv4SW2eTLUzig4HH+643L4gY1cZ1v53c2vrG5lZ+u7Czu7d/UDw8amoZK0waWDKp2gHShFFBGoYaRtqRIogHjLSCUS2tt8ZEaSrFg5lExOdoIGhIMTJWeuxyZIaKJzU5nt64vWLJLbszwFXiZaQEMtR7xZ9uX+KYE2EwQ1p3PDcyfoKUoZiRaaEbaxIhPEID0rFUIE60n8xcT+GZVfowlMo+YeBM/TuRIK71hAe2M3Wpl2up+F+tE5vw2k+oiGJDBJ4fCmMGjYRpBLBPFcGGTSxBWFHrFeIhUggbG9TClXR3hJ7kwk+SgE9tUt5yLqukeVH2LsuV+0qpepdllgcn4BScAw9cgSq4BXXQABgo8AxewZvz4rw7H87nvDXnZDPHYAHO1y/+zKKD</latexit>

Cov > 0
<latexit sha1_base64="oGqxNJjrFoR8KoOqKY1TsREZs+o=">AAACI3icbVBLSwMxGMzWV62vVfHkJVgET2VXinos9OJJKtgHtEvJpmkbmmxCki3WpT/Ggxf9Kd7Eiwd/h1ez7R5s60BgmO81mVAyqo3nfTm5tfWNza38dmFnd2//wD08amgRK0zqWDChWiHShNGI1A01jLSkIoiHjDTDUTWtN8dEaSqiBzORJOBoENE+xchYqeuedDgyQ8WTqhhPO0hKJR6h13WLXsmbAa4SPyNFkKHWdX86PYFjTiKDGdK67XvSBAlShmJGpoVOrIlEeIQGpG1phDjRQTKzP4XnVunBvlD2RQbO1L8TCeJaT3hoO1OzermWiv/V2rHp3wQJjWRsSITnh/oxg0bANAvYo4pgwyaWIKyo9QrxECmEjU1s4Uq6W6InsfCTJORTm5S/nMsqaVyW/KtS+b5crNxlmeXBKTgDF8AH16ACbkEN1AEGCXgGr+DNeXHenQ/nc96ac7KZY7AA5/sXajel0g==</latexit>

Cov ⇡ 0
<latexit sha1_base64="S2MPfvaQa8aPvfTxKN8yWNWdJv8=">AAACHXicbVDNS8MwHE3n15wfq3r0EhyCp9HKUA8eBrt4kgnuA7Yy0izdwpKmJOlglv4lHrzon+JNvIp/iVfTrQe3+SDweL+vl+dHjCrtON9WYWNza3unuFva2z84LNtHx20lYolJCwsmZNdHijAakpammpFuJAniPiMdf9LI6p0pkYqK8FHPIuJxNAppQDHSRhrY5T5Heix50hDT9BY6A7viVJ054Dpxc1IBOZoD+6c/FDjmJNSYIaV6rhNpL0FSU8xIWurHikQIT9CI9AwNESfKS+bGU3hulCEMhDQv1HCu/p1IEFdqxn3TmdlUq7VM/K/Wi3Vw4yU0jGJNQrw4FMQMagGzFOCQSoI1mxmCsKTGK8RjJBHWJqulK9nuCD2JpZ8kPk9NUu5qLuukfVl1r6q1h1qlfp9nVgSn4AxcABdcgzq4A03QAhjE4Bm8gjfrxXq3PqzPRWvBymdOwBKsr1/XW6Lc</latexit>

Cov < 0
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<latexit sha1_base64="YJ5UVwSc/L+PiirZTfTQDVIa0jY="></latexit>

X =

2

6664

X0 � X̄ Y0 � Ȳ Z0 � Z̄ · · ·
X1 � X̄ Y1 � Ȳ Z1 � Z̄ · · ·

...
...

...
Xn � X̄ Yn � Ȳ Zn � Z̄ · · ·

3

7775
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<latexit sha1_base64="YJ5UVwSc/L+PiirZTfTQDVIa0jY="></latexit>

X =

2

6664
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<latexit sha1_base64="wCXCnGlx+1QO/lyg3kpwLtUX7EA="></latexit>

S =
1
N

XTX
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<latexit sha1_base64="YJ5UVwSc/L+PiirZTfTQDVIa0jY="></latexit>

X =

2

6664

X0 � X̄ Y0 � Ȳ Z0 � Z̄ · · ·
X1 � X̄ Y1 � Ȳ Z1 � Z̄ · · ·
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3

7775

<latexit sha1_base64="wCXCnGlx+1QO/lyg3kpwLtUX7EA="></latexit>

S =
1
N

XTX

n observations



RGL Realistic Graphics Lab

Covariance: in m dimensions

37

<latexit sha1_base64="YJ5UVwSc/L+PiirZTfTQDVIa0jY="></latexit>

X =

2
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<latexit sha1_base64="wCXCnGlx+1QO/lyg3kpwLtUX7EA="></latexit>

S =
1
N

XTX

n observations

m dimensions
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Covariance: in m dimensions

37

<latexit sha1_base64="YJ5UVwSc/L+PiirZTfTQDVIa0jY="></latexit>

X =

2

6664

X0 � X̄ Y0 � Ȳ Z0 � Z̄ · · ·
X1 � X̄ Y1 � Ȳ Z1 � Z̄ · · ·

...
...

...
Xn � X̄ Yn � Ȳ Zn � Z̄ · · ·

3

7775

<latexit sha1_base64="wCXCnGlx+1QO/lyg3kpwLtUX7EA="></latexit>

S =
1
N

XTX
Sometimes N-1 is used here instead. It depends

on the setup (beyond the scope of CS328).

n observations

m dimensions
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<latexit sha1_base64="CUsajZBB5bRaC8yVPvHEeuIRC1s="></latexit>

x ⇠ N (µ, S)
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<latexit sha1_base64="CUsajZBB5bRaC8yVPvHEeuIRC1s="></latexit>

x ⇠ N (µ, S)

Mean
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<latexit sha1_base64="CUsajZBB5bRaC8yVPvHEeuIRC1s="></latexit>

x ⇠ N (µ, S)

Mean Covariance matrix
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<latexit sha1_base64="CUsajZBB5bRaC8yVPvHEeuIRC1s="></latexit>

x ⇠ N (µ, S)

Mean Covariance matrix
<latexit sha1_base64="pHr5CM1yHF3a47M5AWnDquel4pE=">AAACHnicbVA7T8MwGHTKq5RXgJHFokJiqhKEgLESCxMqiD6kJlS267RWHSeynUolyj9hYIGfwoZY4Zew4rQZaMtJlk73vc6HY86Udpxvq7Syura+Ud6sbG3v7O7Z+wctFSWS0CaJeCQ7GCnKmaBNzTSnnVhSFGJO23h0ndfbYyoVi8SDnsTUD9FAsIARpI3Us22PCeiFSA8xTu+zRyNVnZozBVwmbkGqoECjZ/94/YgkIRWacKRU13Vi7adIakY4zSpeomiMyAgNaNdQgUKq/HTqPIMnRunDIJLmCQ2n6t+JFIVKTUJsOnOParGWi//VuokOrvyUiTjRVJDZoSDhUEcwjwH2maRE84khiEhmvEIyRBIRbcKau5LvjtFTNPeTFIeZScpdzGWZtM5q7kXt/O68Wr8tMiuDI3AMToELLkEd3IAGaAICxuAZvII368V6tz6sz1lrySpmDsEcrK9fC9qjiA==</latexit>

2 Rn <latexit sha1_base64="WV7tU0i+QsLdGRkCqL7JHNvgz68=">AAACKHicbVDLSgMxFM3UV62vUXe6CRbBVZmRoi4LblxJFfuAzlgyaaYNTTJDkhHqMODXuHCjn+JOuvUn3Jppu7CtBwKHc+/NufcEMaNKO87YKqysrq1vFDdLW9s7u3v2/kFTRYnEpIEjFsl2gBRhVJCGppqRdiwJ4gEjrWB4nddbT0QqGokHPYqJz1Ff0JBipI3UtY88KqDHkR4EQXqfPabC05QTBUXWtctOxZkALhN3RspghnrX/vF6EU44ERozpFTHdWLtp0hqihnJSl6iSIzwEPVJx1CBjI+fTm7I4KlRejCMpHlCw4n6dyJFXKkRD0xnvq1arOXif7VOosMrP6UiTjQReGoUJgzqCOaBwB6VBGs2MgRhSc2uEA+QRFib2OZc8r9j9BzNXZIGPE/KXcxlmTTPK+5FpXpXLdduZ5kVwTE4AWfABZegBm5AHTQABi/gFbyDD+vN+rS+rPG0tWDNZg7BHKzvX3yop/A=</latexit>

2 Rn⇥n
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Multivariate Normal Distribution
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<latexit sha1_base64="CUsajZBB5bRaC8yVPvHEeuIRC1s="></latexit>

x ⇠ N (µ, S)

Mean Covariance matrix
<latexit sha1_base64="pHr5CM1yHF3a47M5AWnDquel4pE=">AAACHnicbVA7T8MwGHTKq5RXgJHFokJiqhKEgLESCxMqiD6kJlS267RWHSeynUolyj9hYIGfwoZY4Zew4rQZaMtJlk73vc6HY86Udpxvq7Syura+Ud6sbG3v7O7Z+wctFSWS0CaJeCQ7GCnKmaBNzTSnnVhSFGJO23h0ndfbYyoVi8SDnsTUD9FAsIARpI3Us22PCeiFSA8xTu+zRyNVnZozBVwmbkGqoECjZ/94/YgkIRWacKRU13Vi7adIakY4zSpeomiMyAgNaNdQgUKq/HTqPIMnRunDIJLmCQ2n6t+JFIVKTUJsOnOParGWi//VuokOrvyUiTjRVJDZoSDhUEcwjwH2maRE84khiEhmvEIyRBIRbcKau5LvjtFTNPeTFIeZScpdzGWZtM5q7kXt/O68Wr8tMiuDI3AMToELLkEd3IAGaAICxuAZvII368V6tz6sz1lrySpmDsEcrK9fC9qjiA==</latexit>

2 Rn <latexit sha1_base64="WV7tU0i+QsLdGRkCqL7JHNvgz68=">AAACKHicbVDLSgMxFM3UV62vUXe6CRbBVZmRoi4LblxJFfuAzlgyaaYNTTJDkhHqMODXuHCjn+JOuvUn3Jppu7CtBwKHc+/NufcEMaNKO87YKqysrq1vFDdLW9s7u3v2/kFTRYnEpIEjFsl2gBRhVJCGppqRdiwJ4gEjrWB4nddbT0QqGokHPYqJz1Ff0JBipI3UtY88KqDHkR4EQXqfPabC05QTBUXWtctOxZkALhN3RspghnrX/vF6EU44ERozpFTHdWLtp0hqihnJSl6iSIzwEPVJx1CBjI+fTm7I4KlRejCMpHlCw4n6dyJFXKkRD0xnvq1arOXif7VOosMrP6UiTjQReGoUJgzqCOaBwB6VBGs2MgRhSc2uEA+QRFib2OZc8r9j9BzNXZIGPE/KXcxlmTTPK+5FpXpXLdduZ5kVwTE4AWfABZegBm5AHTQABi/gFbyDD+vN+rS+rPG0tWDNZg7BHKzvX3yop/A=</latexit>

2 Rn⇥n

<latexit sha1_base64="vR2mt+DThG5L23uWEy7UBDzQt5I="></latexit>

fx(x) = (2p)�
n
2 det(S)�

1
2 exp

✓
�1

2
(x � µ)TS�1(x � µ)

◆Density function:
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Multivariate Normal Distribution
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<latexit sha1_base64="CUsajZBB5bRaC8yVPvHEeuIRC1s="></latexit>

x ⇠ N (µ, S)

Mean Covariance matrix
<latexit sha1_base64="pHr5CM1yHF3a47M5AWnDquel4pE=">AAACHnicbVA7T8MwGHTKq5RXgJHFokJiqhKEgLESCxMqiD6kJlS267RWHSeynUolyj9hYIGfwoZY4Zew4rQZaMtJlk73vc6HY86Udpxvq7Syura+Ud6sbG3v7O7Z+wctFSWS0CaJeCQ7GCnKmaBNzTSnnVhSFGJO23h0ndfbYyoVi8SDnsTUD9FAsIARpI3Us22PCeiFSA8xTu+zRyNVnZozBVwmbkGqoECjZ/94/YgkIRWacKRU13Vi7adIakY4zSpeomiMyAgNaNdQgUKq/HTqPIMnRunDIJLmCQ2n6t+JFIVKTUJsOnOParGWi//VuokOrvyUiTjRVJDZoSDhUEcwjwH2maRE84khiEhmvEIyRBIRbcKau5LvjtFTNPeTFIeZScpdzGWZtM5q7kXt/O68Wr8tMiuDI3AMToELLkEd3IAGaAICxuAZvII368V6tz6sz1lrySpmDsEcrK9fC9qjiA==</latexit>

2 Rn <latexit sha1_base64="WV7tU0i+QsLdGRkCqL7JHNvgz68=">AAACKHicbVDLSgMxFM3UV62vUXe6CRbBVZmRoi4LblxJFfuAzlgyaaYNTTJDkhHqMODXuHCjn+JOuvUn3Jppu7CtBwKHc+/NufcEMaNKO87YKqysrq1vFDdLW9s7u3v2/kFTRYnEpIEjFsl2gBRhVJCGppqRdiwJ4gEjrWB4nddbT0QqGokHPYqJz1Ff0JBipI3UtY88KqDHkR4EQXqfPabC05QTBUXWtctOxZkALhN3RspghnrX/vF6EU44ERozpFTHdWLtp0hqihnJSl6iSIzwEPVJx1CBjI+fTm7I4KlRejCMpHlCw4n6dyJFXKkRD0xnvq1arOXif7VOosMrP6UiTjQReGoUJgzqCOaBwB6VBGs2MgRhSc2uEA+QRFib2OZc8r9j9BzNXZIGPE/KXcxlmTTPK+5FpXpXLdduZ5kVwTE4AWfABZegBm5AHTQABi/gFbyDD+vN+rS+rPG0tWDNZg7BHKzvX3yop/A=</latexit>

2 Rn⇥n

<latexit sha1_base64="vR2mt+DThG5L23uWEy7UBDzQt5I="></latexit>

fx(x) = (2p)�
n
2 det(S)�

1
2 exp

✓
�1

2
(x � µ)TS�1(x � µ)

◆Density function:

normalization constant
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<latexit sha1_base64="CUsajZBB5bRaC8yVPvHEeuIRC1s="></latexit>

x ⇠ N (µ, S)

Mean Covariance matrix
<latexit sha1_base64="pHr5CM1yHF3a47M5AWnDquel4pE=">AAACHnicbVA7T8MwGHTKq5RXgJHFokJiqhKEgLESCxMqiD6kJlS267RWHSeynUolyj9hYIGfwoZY4Zew4rQZaMtJlk73vc6HY86Udpxvq7Syura+Ud6sbG3v7O7Z+wctFSWS0CaJeCQ7GCnKmaBNzTSnnVhSFGJO23h0ndfbYyoVi8SDnsTUD9FAsIARpI3Us22PCeiFSA8xTu+zRyNVnZozBVwmbkGqoECjZ/94/YgkIRWacKRU13Vi7adIakY4zSpeomiMyAgNaNdQgUKq/HTqPIMnRunDIJLmCQ2n6t+JFIVKTUJsOnOParGWi//VuokOrvyUiTjRVJDZoSDhUEcwjwH2maRE84khiEhmvEIyRBIRbcKau5LvjtFTNPeTFIeZScpdzGWZtM5q7kXt/O68Wr8tMiuDI3AMToELLkEd3IAGaAICxuAZvII368V6tz6sz1lrySpmDsEcrK9fC9qjiA==</latexit>

2 Rn <latexit sha1_base64="WV7tU0i+QsLdGRkCqL7JHNvgz68=">AAACKHicbVDLSgMxFM3UV62vUXe6CRbBVZmRoi4LblxJFfuAzlgyaaYNTTJDkhHqMODXuHCjn+JOuvUn3Jppu7CtBwKHc+/NufcEMaNKO87YKqysrq1vFDdLW9s7u3v2/kFTRYnEpIEjFsl2gBRhVJCGppqRdiwJ4gEjrWB4nddbT0QqGokHPYqJz1Ff0JBipI3UtY88KqDHkR4EQXqfPabC05QTBUXWtctOxZkALhN3RspghnrX/vF6EU44ERozpFTHdWLtp0hqihnJSl6iSIzwEPVJx1CBjI+fTm7I4KlRejCMpHlCw4n6dyJFXKkRD0xnvq1arOXif7VOosMrP6UiTjQReGoUJgzqCOaBwB6VBGs2MgRhSc2uEA+QRFib2OZc8r9j9BzNXZIGPE/KXcxlmTTPK+5FpXpXLdduZ5kVwTE4AWfABZegBm5AHTQABi/gFbyDD+vN+rS+rPG0tWDNZg7BHKzvX3yop/A=</latexit>

2 Rn⇥n

<latexit sha1_base64="vR2mt+DThG5L23uWEy7UBDzQt5I="></latexit>

fx(x) = (2p)�
n
2 det(S)�

1
2 exp

✓
�1

2
(x � µ)TS�1(x � µ)

◆Density function:

normalization constant exponent
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<latexit sha1_base64="CUsajZBB5bRaC8yVPvHEeuIRC1s="></latexit>

x ⇠ N (µ, S)

Mean Covariance matrix
<latexit sha1_base64="pHr5CM1yHF3a47M5AWnDquel4pE=">AAACHnicbVA7T8MwGHTKq5RXgJHFokJiqhKEgLESCxMqiD6kJlS267RWHSeynUolyj9hYIGfwoZY4Zew4rQZaMtJlk73vc6HY86Udpxvq7Syura+Ud6sbG3v7O7Z+wctFSWS0CaJeCQ7GCnKmaBNzTSnnVhSFGJO23h0ndfbYyoVi8SDnsTUD9FAsIARpI3Us22PCeiFSA8xTu+zRyNVnZozBVwmbkGqoECjZ/94/YgkIRWacKRU13Vi7adIakY4zSpeomiMyAgNaNdQgUKq/HTqPIMnRunDIJLmCQ2n6t+JFIVKTUJsOnOParGWi//VuokOrvyUiTjRVJDZoSDhUEcwjwH2maRE84khiEhmvEIyRBIRbcKau5LvjtFTNPeTFIeZScpdzGWZtM5q7kXt/O68Wr8tMiuDI3AMToELLkEd3IAGaAICxuAZvII368V6tz6sz1lrySpmDsEcrK9fC9qjiA==</latexit>

2 Rn <latexit sha1_base64="WV7tU0i+QsLdGRkCqL7JHNvgz68=">AAACKHicbVDLSgMxFM3UV62vUXe6CRbBVZmRoi4LblxJFfuAzlgyaaYNTTJDkhHqMODXuHCjn+JOuvUn3Jppu7CtBwKHc+/NufcEMaNKO87YKqysrq1vFDdLW9s7u3v2/kFTRYnEpIEjFsl2gBRhVJCGppqRdiwJ4gEjrWB4nddbT0QqGokHPYqJz1Ff0JBipI3UtY88KqDHkR4EQXqfPabC05QTBUXWtctOxZkALhN3RspghnrX/vF6EU44ERozpFTHdWLtp0hqihnJSl6iSIzwEPVJx1CBjI+fTm7I4KlRejCMpHlCw4n6dyJFXKkRD0xnvq1arOXif7VOosMrP6UiTjQReGoUJgzqCOaBwB6VBGs2MgRhSc2uEA+QRFib2OZc8r9j9BzNXZIGPE/KXcxlmTTPK+5FpXpXLdduZ5kVwTE4AWfABZegBm5AHTQABi/gFbyDD+vN+rS+rPG0tWDNZg7BHKzvX3yop/A=</latexit>

2 Rn⇥n

<latexit sha1_base64="vR2mt+DThG5L23uWEy7UBDzQt5I="></latexit>

fx(x) = (2p)�
n
2 det(S)�

1
2 exp

✓
�1

2
(x � µ)TS�1(x � µ)

◆Density function:

normalization constant exponent

Compare to 1D case:
<latexit sha1_base64="l8I9Bo5LV7f+Wpz8x6nt3WF8JkA="></latexit>

fx(x) = (2p)�
1
2 s�1 exp

�
� 1

2
(x � µ)s�2(x � µ)

�



RGL Realistic Graphics Lab

Multivariate Normal Distribution

38

<latexit sha1_base64="CUsajZBB5bRaC8yVPvHEeuIRC1s="></latexit>

x ⇠ N (µ, S)

Mean Covariance matrix
<latexit sha1_base64="pHr5CM1yHF3a47M5AWnDquel4pE=">AAACHnicbVA7T8MwGHTKq5RXgJHFokJiqhKEgLESCxMqiD6kJlS267RWHSeynUolyj9hYIGfwoZY4Zew4rQZaMtJlk73vc6HY86Udpxvq7Syura+Ud6sbG3v7O7Z+wctFSWS0CaJeCQ7GCnKmaBNzTSnnVhSFGJO23h0ndfbYyoVi8SDnsTUD9FAsIARpI3Us22PCeiFSA8xTu+zRyNVnZozBVwmbkGqoECjZ/94/YgkIRWacKRU13Vi7adIakY4zSpeomiMyAgNaNdQgUKq/HTqPIMnRunDIJLmCQ2n6t+JFIVKTUJsOnOParGWi//VuokOrvyUiTjRVJDZoSDhUEcwjwH2maRE84khiEhmvEIyRBIRbcKau5LvjtFTNPeTFIeZScpdzGWZtM5q7kXt/O68Wr8tMiuDI3AMToELLkEd3IAGaAICxuAZvII368V6tz6sz1lrySpmDsEcrK9fC9qjiA==</latexit>
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Statistical Analysis of Multivariate Data
Principal component analysis (PCA): using eigenvectors and eigenvalues to describe data.

39

• Step 1: compute the mean of all data points. Subtract this value from all data points.

• Version 2 (via SVD):

- Step 2: compute U, S, V = svd(X / )


- Profit: principal directions given by V, radii given by S

n

• Version 1 (via Eigenanalysis):


- Step 2: estimate the covariance matrix Σ = XT
 X / n

- Step 3: compute V, Λ = eig(Σ)


- Profit: principal directions given by V, radii given by Λ
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Creating Normal Variates
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Creating general normal variates (a.k.a. "simulating" or "sampling" them)
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Creating general normal variates (a.k.a. "simulating" or "sampling" them)
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X ⇠ N (0, 1) ) sX + µ ⇠ N (µ, s2)
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X ⇠ N (0, I) ) AX + µ ⇠ N (µ, AAT)N-D case:

1-D case:

NumPy recipe: sigma * np.random.randn() + mu
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Creating general normal variates (a.k.a. "simulating" or "sampling" them)

<latexit sha1_base64="wD7ufxarYVThoVtyVXE2vzeG4jw="></latexit>

X ⇠ N (0, 1) ) sX + µ ⇠ N (µ, s2)

sqrt_sigma @ np.random.randn(n) + muNumPy recipe:
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X ⇠ N (0, I) ) AX + µ ⇠ N (µ, AAT)N-D case:

1-D case:

NumPy recipe: sigma * np.random.randn() + mu
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The Outer Product
Also often called a rank-1 matrix.

42

uvT =

2

6664

u1v1 u1v2 . . . u1vn
u2v1 u2v2 . . . u2vn

...
...

. . .
...

umv1 umv2 . . . umvn

3

7775
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Matrix approximation
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Plot of singular values (in decreasing magnitude)
[Antonio Cosmin Ionita]

<latexit sha1_base64="U0LB6orUOK0Joh9G6HAfB/QRDeE="></latexit>

A =
n

Â
i=1

siuivT
i

100

10-5

10-10

10-15
0 250 500



RGL Realistic Graphics Lab

Matrix approximation

45

Plot of singular values (in decreasing magnitude)
[Antonio Cosmin Ionita]

<latexit sha1_base64="U0LB6orUOK0Joh9G6HAfB/QRDeE="></latexit>

A =
n

Â
i=1

siuivT
i

100

10-5

10-10

10-15
0 250 500



RGL Realistic Graphics Lab

Matrix approximation
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Plot of singular values (in decreasing magnitude)
[Antonio Cosmin Ionita]
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Eckart-Young Theorem
Stated without proof.

46

Suppose that A’ is obtained from A by truncating all but the largest 
k singular values from its singular value decomposition.


Then A’ minimizes both

(i) and

(ii)

among all matrices A’ with rank k.
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Eckart-Young Theorem
Stated without proof.

46

Suppose that A’ is obtained from A by truncating all but the largest 
k singular values from its singular value decomposition.


Then A’ minimizes both

(i) and

(ii)

among all matrices A’ with rank k. (“Frobenius norm”)
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Computing inverses via the SVD
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SVD as a regularization strategy

49

The SVD-powered X-ray glasses

(originally by Doug James @ Stanford U.)
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Revisiting the condition number
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cond(A) = kAk · kA�1k
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=
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The Pseudoinverse
SVD provides the "ultimate" form of a matrix inverse

55

1. Identical to inverse for square & full-rank matrices.

2. Gives least-squares solution for overconstrained / tall linear systems

3. Gives minimum-norm solution for underconstrained /wide linear systems


